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Optical singularities are positionsin an electromagnetic field in
which a parameter such as phase or polarization becomes undefined.
These singularities confine light tightly and surround it with steep field
gradients, properties now exploited in super-resolution microscopy,
sensing and communication. The features themselves have been
catalogued for decades under an expanding and partially inconsistent
nomenclature. This proliferation of names obscures how few field
parameters can be singular and can make it hard to design a singularity.
This Review presents an application-driven and mathematically
accessible framework in which any singular field reduces to a finite
set of fundamental, generic singularities. The robustness of these
singularities against small perturbations follows from a topology set
by the dimensions of the spaces in which they are defined. We examine
forward and inverse methods for designing both stable and unstable
singularities, survey their uses across disciplines and consider how
higher-dimensional singularities might be reached.

Introduction

A framework for optical
singularities

Configuration and
condition space

Stability and
topological charge

Designing singularities

Applications of
engineered singularities

Outlook

'Harvard John A. Paulson School of Engineering and Applied Sciences, Harvard University, Cambridge, MA, USA.
’Department of Molecular and Cellular Physiology, Stanford University, Stanford, CA, USA. ®*School of Mechanical
and Aerospace Engineering, Nanyang Technological University, Singapore, Singapore. “These authors contributed
equally: Soon Wei Daniel Lim, Christina M. Spaegele. < e-mail: capasso@seas.harvard.edu

Nature Reviews Electrical Engineering


http://www.nature.com/natrevelectreng
https://doi.org/10.1038/s44287-026-00331-5
http://crossmark.crossref.org/dialog/?doi=10.1038/s44287-026-00331-5&domain=pdf
http://orcid.org/0000-0003-1689-6860
http://orcid.org/0000-0003-4534-8249
mailto:capasso@seas.harvard.edu

Review article

Key points

o Singular optics has accumulated a large and inconsistently named
catalogue of features, which conceals how few field parameters can
actually become undefined and makes these structures harder to
design than to observe.

o Every optical singularity can be described through two spaces: one
specifying where it is located and one specifying the conditions that
must vanish there. The relationship between the dimensions of these
spaces determines what shape a singularity takes.

o The same relationship determines whether a singularity survives

in the real world. A structurally stable singularity is displaced by
perturbations rather than destroyed, provided it carries a topological
charge of +1. Stability also requires that the perturbation fall within its
condition space and stay below a limiting magnitude.

¢ Singularities can be built deliberately, by composing well-understood
optical elements or by casting the device as an optimization problem;
metasurfaces make it possible to realize both approaches on a single
surface. Applications depend on the field surrounding the singularity as
much as on the zero itself.

e Because ordinary space offers only three dimensions, the
singularities that remain out of reach require synthetic dimensions
such as wavelength. Measuring them will in turn require polarimetric
sensors able to resolve the fields surrounding a singularity.

Introduction

Optical singularities are positionsin an optical field at which one of its
parameters, such as the phase or the polarization state, becomes unde-
fined. Forexample, the wavy bright lines on the bottom of sunlit swim-
ming pools are large-scale singularities of ray optics, known as caustics,
where many rays converge'. In this Review, we focus on singularities in
wave optics, which occur at far smaller scales. The canonical example
isthe phase singularity, a point of undefined phase inacomplexscalar
field, which appearsin random speckle patterns and underpins many
imaging and sensing methods. Stefan Hell’s Nobel Prize-winning work
onstimulated emission depletion (STED) super-resolution microscopy,
for example, uses the geometry of a phase singularity to surpass the
diffraction limit**. Such points were first identified as objects worthy
of study by Nye and Berry®, by analogy with dislocations in crystals.

Singular optics extends far beyond phase, and its literature can
seem forbidding. It records dozens of named features, from C-lociand
V-locitoknots, Mébius strips and skyrmions®2*, under terminology that
is notalways consistent’. This proliferation obscures asimpler under-
lying picture. Only a small set of parameters can be singular — phase,
field directions, field correlation parameters, spin, polarization-ellipse
parameters and the polarization state. Elaborate structures arise by
composing these few fundamental singularities or by viewing them
inadifferent space.

Realizing these singularities, however, haslongrelied on combina-
tions of established wavefront-shaping optics — spatial light modula-
tors, waveplates, holographic elements and related components —each
controlling some subset of phase, polarization or spectrum. Metasur-
faces, which comprise subwavelength-spaced nanostructures arrayed

on a plane”, offer a new approach to compress this range of com-

ponents onto a single surface with simultaneous control over phase,
wavevector, polarization and spectrum? >, This control has widened
the range of accessible singularities faster than the descriptive frame-
work has keptup, leaving agap between the topology that makes asin-
gularity robust and the design choices that produce one. Textbooks*****
and reviews®**° treat singular optics thoroughly, but few connectitto
modern wavefront engineering.

This Review addresses that gap with an application-driven and
mathematically accessible account for physicists and engineers, cov-
ering both the common stable singularities and their rarer unstable
generalizations, and treating structural stability as a design parameter
rather than a given. We first set out a framework that describes any
singularity through the two spaces it inhabits, then use those spaces
to explain which singularities survive perturbation and how their
topological charge is computed. We next examine the forward and
inverse design methods that generate them on metasurfaces and other
wavefront-shaping devices, including synthetic dimensionsthatreach
singularitiesimpossiblein ordinary space. We then survey the applica-
tions their structure enables, from communication and microscopy
to precision metrology, linking topology to device function, before
closing on where the field may go next.

A framework for optical singularities

To build this framework, we first separate optical singularities froma
concept they are commonly conflated with, orbital angular momentum
(OAM). The helical phasefront of a cylindrically symmetric OAM beam
isoften treated as synonymous with OAM, and its on-axis linear phase
singularity makes it tempting to equate OAM with optical singularities.
However, an optical vortex or OAM-carrying beam s not automatically
asingularity. OAM s a property of any beam with a wavefront tilt with
respect to the optical axis and does not require a phase singularity.
Courtial et al.* observed that an elliptical Gaussian beam without a
phase singularity can have arbitrary OAM values per photon, as high
as10,000#. Berry** also constructed a beam with axial singularities
and anon-zero total topological charge but zero total OAM. Through-
out, we reserve ‘singularity’ for points at which the relevant field
parameter is strictly undefined.

We distinguish generic” from non-generic singularities. Generic
singularities are stable: a small perturbation of the field displaces
but does not destroy them, so they persist in the physical world and
arise naturally in a wavefield without special symmetry***. Formally,
perturbing the wavefront or wave-generation conditions deforms the
singular structureinto onerelated to the original structure by asmooth
diffeomorphism*. Conversely, non-generic singularities either van-
ish or split into multiple generic singularities under arbitrarily small
perturbations*‘. These perturbations arise from stray light or device
imperfections and, to a good approximation, appear as additions or
subtractions of plane waves in the neighbourhood of the singularity.
Forexample, phase singularity points in three-dimensional (3D) space®
are unstable and vanish in the presence of stray light.

Non-generic singularities require a precise coincidence of condi-
tions thatare almost never realized spontaneously in randomfieldsorin
noisy experiments. They cannot be experimentally generatedin astrict
mathematical sense, because the slightest experimentalimperfection
will remove this coincidence. However, if the resulting deviation from
the ideal condition overlap is smaller than what the application can
resolve, the singularity is effectively realized. Both types of singulari-
ties have experimental relevance. Generic singularities are particularly
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useful in strongly scattering environments, where stability against
perturbations, or a perfect zero, is required, as in the coronagraph
and phase-retrieval applications described in the ‘Imaging and sens-
ing’ section in Applications of engineered singularities. Non-generic
singularities are suitableinlow-scattering, tightly controlled settings or
whereslight deviation from a perfect zeroistolerable, asin some com-
municationapplications (‘OAM and communication’sectionin Applica-
tions of engineered singularities). Metasurfaces have produced both
genericsingularities and approximations of non-generic ones>**¢°,

Structural stability also depends on the medium. The singular
structures here are defined inlinear media, inwhich the refractive index
isintensity independent. Nonlinear media cansupport stable singular
structures, such as dark vortex solitons in a self-defocusing nonlinear
medium. These are localized intensity minima that maintain their
shape over time against abright uniformbackground, inamedium with
negative third-order nonlinear susceptibility>’. Desyatnikov, Kivshar
and Torner review this field in depth™-2,

Configuration and condition space

Having separated singularities from OAM, we now build the mathe-
matical framework that describes them. To fully design and exploit the
topological nature of optical singularities, we must understand their
mathematical properties, geometrical structure and structural stabil-
ity. Allsingularities can be described by their configuration space and
condition space. The configuration space, also known as the control
space in wave catastrophe theory' and aterm from condensed-matter
physics?, specifies the location of the singularity. For the canonical
phase singularity in the transverse plane, the configuration space is
the two-dimensional space of (x, y) coordinates. Singularities can also
be defined in the angular dimension or in synthetic dimensions such
as the incident wavelength A and illumination tilt*** or in frequency-
wavenumber space (o, k) for spatiotemporal beams**. The configura-
tion dimension D,,,q,, Or domain dimension, is the smallest number
of unit vectors needed to specify a position in the configuration
space: 2 for the transverse (x, y) plane and 3 for the full Cartesian
(x,y,2) space.

The condition space describes whatis happening at each position
in configuration space and determines whether a singularity exists.
Singularities are higher-dimensional zeros of the condition space,
located atits origin. For aphase singularity, Re(E) = 0andIm(E) = 0, so
the condition space is {Re(E), Im(E)}, and the singularity exists at its
(0, 0) origin.

The condition dimension D_ygiion, SOMetimes called the
co-dimension, is the number ofindependent homogeneous conditions
(equations) specifying the singularity®. Equivalently, it is the number
ofindependent constraints on the electromagnetic field”. These condi-
tions are homogeneous; they depend on the relative values or the
vanishing of parameters, not on their absolute magnitudes. Although
D onigis chosenby the designer, each singularity class has afixed condi-
tion space (Supplementary Table 1). For example, phase singularities
have a fixed co-dimension of two.

Notallfield parameters can serve astopologically nontrivial vari-
ables: anecessary conditionis that the parameter takes negative, zero
and positive values, enabling winding behaviour around the zero of
the condition space (discussed in Stability and topological charge).
An intensity-phase condition space is therefore topologically trivial,
because the field intensity is never negative. A more precise formula-
tion of optical fields as maps between configuration and condition
spaceis giveninthe Supplementary Information.

The generic dimension of a singularity determines the shape it
takes in arandom wavefield (that is, whether it is a zero-dimensional
point, one-dimensional line, two-dimensional surface and so on) and
is given by equation (1)

Dsingularity = Uconfig ~ Dcondition' (1)

Thisisanalogous to the dimension of the solution spacein linear
algebra, in which the number of unknowns minus the number of con-
straining equations gives the solution dimension. For example, three
unknowns and two constraint equations leave a solution set along a
3 -2 =1-dimensionalline.

Foraphasesingularity in the transverse plane, D ngg = Deondition = 2/
8iving Dy ouiariry = 0: phase singularities in the complex plane are
zero-dimensional points. Inthe 3D space they become 3 — 2 =1-dimen-
sional lines. Singularities have no intrinsic shape; their dimension
depends on the configuration space in which they are defined. Simi-
larly, L-loci can be L-points®, L-lines®® or L-surfaces™, depending on
their embedding configuration space”. Supplementary Table 1 lists
each singularity type, its existence conditions and its co-dimension.
Rather thanadopting dimension-presupposing names from the litera-
ture (such as C-lines and V-points), we classify by defining conditions
andsingular parameters, keeping the earliest definitions of the singular
parameters but explicitly distinguishing paraxial (transverse) from
non-paraxial (full vectorial) cases.

Figure 1 plots representative geometries of common singularity
types. Singularities occur at the intersection of the zero-isolines or
zero-isosurfaces of individual conditions.

Phase singularities (Fig. 1a) occur when the real and imaginary
parts of a scalar field simultaneously vanish, producing positions of
undefined phase. The condition values for phase singularities are thus
{Re(E), Im(£)}.

The polarization (C, L, V) singularities are most easily described
using the polarization ellipse, the closed path that a time-harmonic
electric field traces in field space'. For the paraxial case, the axes of
the space are £, and E,, the azimuth is the angle that the major axis
makes with the £, direction, and the handedness is the direction that
the electric field traces over time. In the non-paraxial case, the 3D
electric field traces an ellipse in (E,, Ey, E,) space, and the azimuth
becomes a vector along the major axis. The ellipse also has a normal
vector, orthogonal to the major and minor axes and oriented so that
theellipse handedness and normal vector obey the right-hand rule.

C singularities (Fig. 1b) occur at points of circular polarization,
where no preferred major axis exists and the polarization azimuth is
therefore undefined. C singularities have a co-dimension of 2because
two conditions must hold: the major and minor axes must be equal in
length, and the field components along these axes must differ in phase
by 90°. Paraxial C singularities are zeros of the complex Stokes field
2 =§,+iS, (ref. 8), where S;and S, are the first two Stokes parameters
(Supplementary Information). The condition values for paraxial C
singularities are thus{S;, S,}.

Vsingularities are positions of zero vectorial electric field, where
the full polarization state is undefined. Paraxial V singularities have
E, ,=0, and non-paraxial V singularities have zero longitudinal field
aswell: £, , . =0. Because each time-harmonic field component is
a complex number, the condition values for paraxial V singu-
larities are {Re(E,), Im(E,), Re(E,), Im(E,)} and those of non-paraxial V
singularitiesare{..., Re(E,), Im(E,)}.

V-points (Fig. 1c) are a proper subset of paraxial V singularities;
they are positions of zero transverse field surrounded by linear or
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Fig.1|Representative geometries of common singularity types. Singularities
existin where all condition values vanish simultaneously, at the origin of
condition space. a, Phase singularities occur in ascalar field £ where the
amplitude vanishes, | £ |= 0. The co-dimensionis two, as both real and imaginary
parts of Evanish. This produces an intensity zero and generically a vortex-like
phase swirl. b, Paraxial C-loci (C-points) occur where the polarization azimuth is
undefined and the light is circularly polarized; the co-dimension is two, as Stokes
components S;and S, must both vanish. ¢, Paraxial V-loci occur where the
transverse field £,, £, is zero, giving a co-dimension of four. d, Paraxial L-loci occur
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where the handedness of the polarization ellipse is undefined and the light is
linearly polarized. Handedness is the sign of S;, so the co-dimension is one and
these loci formlines. e, Spin defect singularities occur where the spin angular
momentum density (,, 0,, 6,) vanishes*. f, Acomplete phase and paraxial
polarization singularity resembles a V-point but is defined in four-dimensional
space (x,y,z,\), where it is stable and zerodimensional. Its neighbourhood
contains exactly one instance of every polarization state, parametrized by the
azimuth Yand ellipticity angle 8, including the global phase ¢. a.u., arbitrary
units; LCP, left circular polarization; RCP, right circular polarization.

elliptical polarization®“*° and were originally defined in the transverse

plane. However, these singularities are not stable because of the mis-
match between the dimensions of the configuration and condition
spaces: under perturbation, the V-point splits into multiple stable
C-loci*. Spaegele et al.” created a stable complete phase and paraxial
polarization V singularity defined in a four-dimensional (x, y, z,A)
configuration space (Fig. 1f), realizing every transverse polarization
state, including the global phase, in its four-dimensional vicinity.

L singularities are positions of linear polarization where the nor-
mal of the polarization ellipse is undefined. Paraxial L singularities
(Fig.1d) are commonly known as L-lines in the transverse plane®'°. The
direction of the ellipse normal (into or out of the plane) follows from
the ellipse handedness, which is set by the sign of the z-directed spin
angular momentum (SAM), proportional to the real-valued S; Stokes
parameter. When S; = 0, the ellipse collapses intoaline, so the normal
isundefined, producing the singularity. S;is the only condition value

for this D,ypngition = 1 System, making it generically a line in the trans-
verse plane. Non-paraxial L singularities, however, have a co-dimension
of 2 because they involve the normal vector of the 3D polarization
ellipse, which has two components”.

A spin defect singularity with D_yqiion=23 (Fig. 1e) has also
been identified*. This is the position where the total SAM density
of light,o= (i)[eolm(E* XE) +poIm(H*x H)] vanishes. Because the
SAM density is a vector with three independent components, its
condition values are{o,, 0y, 0.}

Coherence ssingularities, singularitiesin the degree of correlation
of electromagnetic fields, also exist*, though they are less studied.
Singularities in the cross-spectral density’” and mutual coherence
function®® are singularities in the complex phase of a scalar field and
thus have a co-dimension of 2.

These fundamental singularities combine into more elaborate
structures, including knots'***°, 3D skyrmions?°"®?, skyrmionic
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hopfions?* and optical Mobius strips?®* (half-integer twisting of a
polarization major axis around tightly focused polarization singulari-
ties), as well as the star, monstar and lemon variants of C-loci. We focus
here on the fundamental constituent singularities and leave optical
skyrmions to the dedicated review of Shen et al.®.

Supplementary Table 2 presents each singularity class organized
by the dimensions of configuration and condition space. Whether
a given singularity can exist stably in the physical world depends on
the relationship between these two dimensions — the subject of the
nextsection.

Stability and topological charge

The stability of a singularity is set by the relationship between its two
dimensions. A generic singularity of dimension d must satisfy
Deonfig = Deondition+ @ thisis the first design rule. Because there are only
three Cartesian spatial dimensions, singularities witha co-dimension
larger than 3 cannot exist stably in ordinary space, and reaching them
requires additional synthetic dimensions: system parameters such as
wavelength or angle of incidence that act as extra configuration coor-
dinates. Satisfying the dimension rule is necessary but not sufficient:
agenericsingularity mustalso carry atopological charge of 1 (ref. 64),
an integer that counts how many times the surrounding field wraps
around the singularity. This section connects topological charge to
the field structure around a singularity and to its stability.

a Structural stability under perturbation €

a a
h
ﬁ
a a
a3 a3

b Structural stability under various experimental imperfections

Illumination imperfection
(spectrum, polarization, tilt)

Scattering
media

; by

&8

Device imperfection
(fabrication, calibration)

Structurally stable
singularity displacement
under perturbation

Fig. 2| Structural stability and singularities. a, Structural stability is the
continued existence of a singularity under asmall perturbation ¢ of the conditions
{a;, a,, as}. eisanadditive shiftin the condition values, such as stray light adding to
the complex field. Structurally stable singularities are displaced in space by sucha
perturbation but do not vanish. b, Perturbations can arise from imperfections in
theillumination state (spectral content, polarization or geometrical tilt), in device
design and fabrication or from weakly scattering and absorbing propagation

Structural stability is the continued existence of a singularity
under asmall perturbation gin the fields or condition values®. A struc-
turally stable singularity is shifted within configuration space but
does not vanish (Fig. 2a). Such behaviour holds because a generic
singularity has all possible condition values, up tonormalization, inthe
immediate vicinity of the zero, so the surrounding condition values
can cancel arbitrary but small perturbations. Each value occurs only
once; by contrast, higher-order singularities of charge mrepeat each
condition value m times and split into m generic singularities under
perturbation**.

Singularity stability holds only up to a limit. A perturbation with
magnitude larger than the surrounding field values can destroy the
singularity. The ‘strength’ of the stability is the maximum perturbation
magnitude for which the singularity enforces destructive interference.
This is distinct from the topological charge, sometimes called the
dislocation strength®. For a phase singularity, this ‘strength’ is the
largest field magnitude range . /Re(E)? + Im(£)? over which all phases
occur, and a perturbation exceeding that range makes the singularity
vanish. Awide stable range is therefore desirable.

Singularities are only robust against perturbations in the field
propertiesthat spantheir condition space. A paraxial C-pointis stable
against small paraxial-polarization perturbations, but a non-paraxial
polarization perturbation will destroy it, because the surrounding field
does not protect against £, perturbations.
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media. ¢, Experimental demonstration of a device imperfection perturbing a
structurally stable polarization singularity defined in (x,y, z,A) configuration
space®. Part of the metasurface generating the singularity was obstructed by an
opaquediskin two locations over two experiments; the singularity persisted and
was observed to displace mainly in (z,A) space from its design position. Panel cis
adapted with permission from ref. 33, AAAS.
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Perturbations can also arise indirectly, from imperfect illumina-
tion, device design or propagation media (Fig. 2b), which effectively
add or subtract fields at singular positions. Structurally stable singu-
larities shift rather than vanish under suchimperfections. This robust-
ness and therole of synthetic dimensionsin reachingitareillustrated
by the paraxial V singularity: a co-dimension-4 zero that is unstable in
the 3D space becomes a stable zero-dimensional point once defined
in the four-dimensional (x, y, z, 1) space introduced earlier. Spaegele
etal.” confirmed this prediction experimentally, obscuring part of the
generating metasurface and observing the singularity persist,
displacing mainlyin (z, A) space rather than disappearing (Fig. 2c).

Fundamental singularities remain stablein realistic physical media
with turbulentrefractive-index fluctuations as long as the perturbing
field is weaker than their stability strength; composite structures
need not. This robustness matters for communication, metrology and
sensing®®, Pires et al.*® showed that superposed phase-singularity
lines and rings are stable only under small perturbations and trans-
forminto other knot types under stronger ones — the more stable the
fundamental singularities, the more stable their composite. Where
perturbation sources can instead be suppressed by fabrication preci-
sionor stray-light elimination, even topologically unstable singularities
can performadequately for agiven application.

Two methods determine whether the topological charge is +1:
the degree of the mapping between configuration and condition

space®*®, and the sign of the Jacobian determinant at the singularity.
The charge also appears in the literature as the vortex charge, Hopf
index or singularity index. Intwo dimensions, the degree of amapping
is the winding number, which counts how many times a curve loops
aroundapoint, suchas the origin of condition space®, with sign set by
the curve orientation (Fig. 3a). For an optical singularity, we encircle
itin configuration space with an anticlockwise curve and count the
windings of the corresponding trajectory around the condition-space
origin (Fig. 3b, middle row).

For phase singularities in two dimensions, the winding number m
follows from equation (2), whichaccumulates the complex phase over
ananticlockwise loop Caround the singularity

This integral tracks the winding number of the trajectory
in{Re(E), Im(£)} condition space. m must be an integer, because a
closed path returning to the start must accumulate a phase equal to
0 modulo 2m. The winding number is unchanged when the path is
continuously translated or distorted in configuration space, and
changes only by integer increments when phase singularities move
into or out of its interior.

For the canonical transverse phase singularity at (x,, Vo) the
mapped curve wraps once around the origin of condition space
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Fig. 3| Generalized structural stability and
topological charge for arbitrary-dimensional
singularities. Only zero-dimensional point
singularities With D6 = Deondirion = D are considered
here.a,For D=2, encircling asingularity in
configuration space maps toatrajectoryin {c;, c,}
condition space (green loop) that winds around the
origin aninteger number of times: the winding
number, identifying the topological charge. b, In
other dimensions the charge follows from the degree
ofacontinuous mapping. Each row shows the
singularity in configuration space (first column), the
charge computation (second column) and the field
gradients, parametrized by the Jacobian determinant
(third column). For D =1, the singularity is bounded
by two points whose condition values set the charge;
for D=3itisenclosed by a spherical shell, and the
number of times the corresponding condition-space
shell wraps the origin gives the charge. ¢, Charge
calculations for common optical singularities.
Paraxial L-loci (L-lines), of co-dimension one, take
their charge from the sign jump of S5 Stokes
parameter across the singularity. Phase singularities
and paraxial C-loci, of co-dimension two, use the
winding number. The spin defect singularity, of
co-dimension three, uses the mapping between
spherical shellsin configuration and spin space.
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(Fig. 3¢, top right), giving m =1, with all condition values appearing
onceintheimmediate vicinity.

This stability mechanism generalizes to arbitrary dimensions®’:
aslongas the map from theimmediate vicinity of the singularity attains
all possible condition values once (up to normalization), the singularity
is structurally stable. For simplicity, we specialize to point (zero-
dimensional) singularities, which occur generically only when
D =D onfig = Deondition this restriction lets us identify correspondences
with common conceptsin topology.

With aone-dimensional condition space, singularities are the zeros
of aone-dimensional function f(a,)(Fig.3b, firstrow). The topological
charge is the change in function sign across the zero, or equivalently,
the sign of the function slope there. With a two-dimensional condition
space {c;, c,}, itis the winding number of the loop C (Fig. 3b, middle
row). With a 3D configuration space, we consider a spherical shell
Saroundthesingularity and counthow many times the condition values
onthissurface wrap around the origin of the condition space (Fig. 3b,
bottom row). Mapping degrees in higher dimensions are difficult to
visualize, because they measure how often a(D,qpgition — 1)-dimensional
surface wraps around the origin of the D, 4ion-dimensional condition
space®, but equation (3) computes them

—l Dcondition~1
(== § Pemsion’ly, [ 7. (3)

Here dcondiion”1Q i a differential solid angle in Dyopg = Deondition
dimensions, and A is the total solid angle of a (D_ypgition— 1) -sphere.
For D ondition= 2, @ 1-sphere is a circle, so this reduces to the familiar
loop integral with d*'Q = dg and A =2m. In all these calculations of
topological invariants, the trajectory Cor shell Smust not pass through
the singularity itself. This ensures that the fields are well-defined at
every integration position.

Figure 3¢ shows the topological charge calculation for four rep-
resentative singularities. For D,nqgition =1, paraxial L singularities
(Fig. 3¢, top left) have a charge equal to the S; sign change across the
singularity, 2/, = sgn[S;(a,)] - sgn[S;(a)], in which a, and @, bound
theLlocusontherightandleft, respectively.Intwo dimensions, phase
singularities (top right) and paraxial C singularities in the transverse
plane (Fig. 3¢, bottom left) both use the winding number, computed
identically for conditionspaces{Re(£), Im(E)} and {S;, S,}, respectively.
For D,gngition = 3 the spin-defect charge is the degree of the continuous
mapping between a thin spherical shell in Cartesian space {x, y, z}and
the corresponding surface in SAM space {g,, gy, 0,} (Fig. 3c, bottom
right). The Supplementary Information gives the charge of Cand V
singularities.

The conventional V-point®'*** (transverse field zero £, ,= O sur-
rounded by linear or elliptical polarization) admits a similar integer,
the Poincaré-Hopf index, fromaccumulating the polarization azimuth
onaclosedloop. Thisindexis topological, invariant under continuous
deformations of the integrating curve that avoid the singularity, yet
the V-pointis not structurally stable. Any perturbation, including lin-
early polarized stray light, removes the field zero*, because the V-point
is surrounded by all linear polarization azimuths but not all complex
states of linear polarization (their phases). This instability reflects the
mismatchbetween the condition dimension (four) and the configura-
tion dimension (two). A topological charge alone does not guarantee
structural stability; only charges of the form of equation (3) with
Dconﬁg 2 Dcondition arestable.

For well-behaved analytic mappings, the charge calculation simpli-
fies to a Taylor expansion near the singularity (Fig. 3¢, right column).

Let the vector of condition values be C € RPeonditionand a configuration-
space position be a € RPconfig At a singularity a,, C(ap) =0, and the
multivariate Taylor expansion about a, is, to leading linear order,

C(a)=J (ap)(a—a,) + O(la—ay|?), 4)

where J is a [Deongition * Deonfig] real-valued Jacobian matrix of first
derivatives: (j;j) = %, with C;the ith condition value and x; the jth con-
figuration coordinate. The Jacobian matrix is the higher-dimensional
analogue of the gradient.

IftheJacobian determinantis non-zero (and Doy gition = Deonfig)- the
singularity carries a charge of m=sgn(det/) =+1 and is stable®*’,
Ifdet/ =0, thesingularity has trivial topology (m = 0) or is of a higher
order, and is unstable. The approach cannot evaluate non-generic
higher-order singularities with |m|>1, which need the earlier
high-dimensional integral or a higher-order Taylor expansion.

Designing ageneric singularity therefore requires two conditions:
its dimension equals Dyon g ~ Deondition aNd its topological chargeis 1.

Designing singularities

Knowing which singularities are stable and how to compute their
charge, we turn to realizing them in a device. Two complementary
approaches exist: forward design, which composes well-understood
building blocks, and inverse design, which casts the device as an
optimization over its physical parameters. The two are often combined.

Forward design

Forward design composes well-understood componentsinto alarger
device. These components can be physical elements, such asindividual
nanostructures, or field decompositions where each field component
is understood and can be realized directly. Forward design works
well when the desired optical field distribution over the domain is
known, as for a simple phase singularity with analytical azimuthal
dependence e,

Thedesired field canbe decomposed into simpler elements (such
as well-understood field profiles’, plane waves”’"”, Bessel beams’®”>
or Laguerre-Gaussian beams®”*) that can be individually realized and
re-composed. For polarization-dependent fields, each basis weight can
bereplaced by aJones matrix”. Scalar fields can also be reconstructed
using iterative (for example, computer-generated holography) or
non-iterative analytic processes’.

Those basis components canbe individually created with optical
elements such as spatial light modulators (SLMs)"*7”, waveplates’”’,
g-plates®, holographic plates®, pinhole interferometers®>** and pho-
tonic crystals®*. For example, combining multiple SLMs (or a single
SLM with split regions) and waveplates gives dynamic control over
amplitude, phase and polarization®, at the cost of low efficiency and
alarger footprint. Metasurfaces improve both by integrating multiple
optical functions into a single device, superposing the propagated
decompositioncomponents on the metasurface plane andimplement-
ing them through unit-cell approaches”. They are particularly well
suited to spatially varying polarization transformations and struc-
tural birefringence®¥ . Although metasurfaces are still used mainly
for passive applications, research into active metasurface control is
advancing quickly®.

Identifying asuitable opticalfield inthe first placeisitself difficult.
Although some singular structures have an analytic closed form (such
assome knots® and spin defect singularities’), in general, the singular
behaviour of afield does not determineits wider behaviour away from
the singularity. Many fields can therefore realize the same singular
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behaviour, although these fields are not equally useful or accessible.
The optimalfield distribution for agiven set of singular characteristics is
oftendifficult toknowa priori. Even when the field distributionis known,
selecting the appropriate modes and their weights can be challenging®.
In such cases, and when the design parameters relate to the resultant
fieldsin non-obvious ways, inverse design becomes useful.

Inverse design

Inverse design expresses the device as an optimization problem over its
realizable parameters (such as pixel states onan SLM or meta-element
shapes on a metasurface), achieving the desired fields by maximiz-
ing or minimizing one or more objective functions®°. It is ideal for
nanofabricated metasurfaces and photonic crystals, given their large
design space. We consider two recent uses: engineering structurally
stable generic singularities and non-generic singularities.

For generic singularities, inverse design improves upon any step
of forward design. For example, after a set of basis waves is selected,
inverse design refines their decomposition coefficients to maximize
structural stability against fabrication imperfections and misalign-
ment, using the field intensity as the objective function®. For
high-dimensional singularities, det/ can serve as the objective func-
tion, because maximizing its magnitude minimizes singularity dis-
placement under perturbation. Inverse-designing the Jacobianitself,
for example, through its singular value decomposition, gives further
control over the orientation and skew of the singularity®.

When the mathematical decompositionis known, inverse design
maps the nanophotonic device geometry to the desired transmission
function. Thisis called topology optimization, a variant of which Wang
and Fan implemented to fine-tune arbitrarily tilted spatiotemporal
optical vortices through constrained optimization”.

The hardest aspects of inverse design remain choosing anappro-
priate objective functionand agood starting point; forward design can
identify apromisinginitial guess, increasing the likelihood of reaching
good solutions.

Although non-generic singularities do not physically exist in a
strict mathematical sense, their idealized form can be approximated
through precise alignment of wavefront-shaping components, elimina-
tion of stray light, or restriction to configurations preserving the req-
uisite system symmetry. For example, [ = 2vortices were used in optical
vortex grating coronagraphs for their better filtering performance
than/=1and!/=3vortices whenimaging near bright stars”, anapplica-
tion that preserves the circular symmetry of the higher-order vortex
configuration.

Non-genericsingularities with shape dimensions that differ from
Dionfig ~ Deondition €aN also be inverse-designed. Points satisfying each
singularity conditionindividually are (Dnqe — 1)dimensional sets: lines
in a two-dimensional configuration space (Fig. 1a-d, zero-condition
isolines), surfaces in a 3D configuration space (Fig. 1e) and so on. The
singularity exists at their intersection. The gradient vector of a scalar
field points in the direction of maximum increase and is thus
orthogonal (in a Euclidean sense) to the level set through that point
(Fig. 4a).

Surfaces intersect generically along a line, with gradient vectors
pointing in different directions but can also intersect degenerately
(Fig. 4a-c). The intersection locus can be aligned (Fig. 4b), when the
curvature orientations of the level sets match, or anti-aligned (Fig. 4c),
when they are opposite, independently of the gradient direction. The
aligned case lets the singularity extend in the tangent plane of the
intersection, whereas the anti-aligned case does not; the aligned case
istherefore useful for engineering aregion of extended overlap, such
asasheet singularity® (Fig.4d). The anti-aligned case is useful in engi-
neering an isolated dark point surrounded by light*>. When the two
surfaces coincide, their intersection is a two-dimensional membrane
sheet singularity®. These degenerate intersections are fragile: slight
misalignment makes the surfaces intersect generically or not at all.

The condition surfaces can be aligned by treating the design as
anoptimization and maximizing the alignment of the level set shapes
at the desired singularity position. Lim et al.*»*? proposed the

a Generic

b Non-generic (aligned)

d Example: Non-generic surface singularity

€ Non-generic (anti-aligned)

Fig. 4| Generic and non-genericintersections,
depicted using condition-valueisolinesona
two-dimensional plane. Two condition isolines
intersecting generically doso ata point, their
gradient vectors pointing in different directions.

a, Gradient vectors pointin the direction of maximum
increase and are normal to the isoline. b,c, When

the gradient vectors of two isolines pointin the

same direction at the intersection, the isolines can

be aligned (b) or anti-aligned (c). Aligned isolines
approximate anintersection along an extended locus,
producing a higher-dimensional singularity. Anti-
aligned isolines can produce point phase singularities
inthree-dimensional space if the zero level sets
separate away from the two-dimensional plane.

Simulated profile Experimental profile d, Anon-genericaligned surface singularity with a
73 0 heart-shaped cross-section, obtained by aligning
-5 theconditiongradientvectors (black arrows) along
T -0 2 aheart-shaped contour (yellow dots). Numerically
2 S -15 3 simulated (middle) and experimentally measured
> -
i 20 fa_ (right) intensity profilesin the plane z= 0. Partdis
25 @  adapted fromref. 31, CCBY 4.0.
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phase-gradient magnitude as one component of the objective function,
showing that point and sheet singularities form when it is maximized
alongspecified directions. The phase gradient Vgis the spatial gradient
of the field complex phase ¢. A complex scalar field in polar form,
E(r)=A(r)explig(r)], expresses the phase gradient through the
gradients of its real and imaginary components VRe(E), VIm(E)
(equation (5))

_(VEY_  Re(f)
V(p—lm[ E) 7Re(£)2+lm(E)ZVlm(E)

Im(E)
Re(E) + Im(E)? VRe(E). (5)

Maximizing V¢ - Aalong a direction fisimultaneously maximizes
the field gradients VRe(E), VIm(E) across the singularity position and
minimizes the field magnitude |E[>=Re(F)*+Im(£)?. The latter
enforces singular behaviour (thatis, moving the zero level sets to that
position), whereas the formerimproves the spatial confinement of the
singularity along A. Tighter spatial confinement is useful for optical
trapping.

This method extends to other singularity configurations by replac-
ing the field gradients VRe(E), VIm(E) with condition-value gradients
{Vc;}, and the field intensity |E”* with a (possibly weighted) sum over
condition magnitudes }; |c,-|2.

Applications of engineered singularities

Engineered singularities, and the singular light fields around them,
underpin abroad range of applications (Box 1). Because each applica-
tionexploits the field in theimmediate neighbourhood of asingularity,
these are more accurately described as applications of singular light
fields rather than of the singularities themselves.

OAM and communication

Using OAM-carrying modes for classical communication’ and quan-
tum communication® "' exploits modal orthogonality, whichin turn
requires phase singularities. Information can be multiplexed onto a set
of spatially overlapping scalar modes and later demultiplexed only if
these modes are mutually orthogonal, thatis, theirinner product van-
ishes. For modes that occupy the same transverse region, this orthog-
onality forces all but one of the modes to have field zero-crossings.
These nodal lines or surfaces are themselves phase singularities
(Supplementary Information).

These nodal singularities have not been explicitly engineered
for communication, raising the possibility of deterministically posi-
tioning them at known obstacle locations to communicate around
the obstacles with minimal scattering loss. In Hermite-Gaussian and
Laguerre-Gaussian modes, nodal positions form straight lines and
concentric circles in the transverse plane, corresponding to nodal
sheets and cylindersin the 3D space.

In classical communication, OAM modes raise the information
transmission rate by increasing the number of orthogonal channelsin
spatial mode-division multiplexing. For quantum communication, this
advantage goes beyond transmission rates. Quantum key distribution
isaprovably secure method for two parties to share asecret key while
detecting unauthorized interception. Quantum protocols typically
transmit quantum bits, or qubits, which are two-state systems such as
thedirection of photon polarization. Increasing the number of levels,
as with OAM states, produces qudits with d > 2 levels, yielding higher
information flux and improved security, because eavesdroppers can
be detected more easily'>'®, Quantum key distribution with multiple
OAM states has been demonstrated in free space’®, underwater'* and

92-95

Box 1| Applications of optical singularities

Communication

Modes with different topological charges can multiplex and
demultiplex information in optical communication systems,
increasing bandwidth for classical communication or improving the
security of quantum communication.

Imaging and sensing

Vortex coronagraphy: optical singularities act as spatial filters that
suppress unwanted detection regions, suppressing on-axis light to
reveal off-axis sources.

Precision localization metrology

The tight localization and steep gradients surrounding optical
singularities suit them to precision localization metrology, as optical
rulers or as structured beams in super-resolution microscopy
techniques such as STED and MINFLUX. MINFLUX improves the
spatial resolution of fluorescent STED microscopy by localizing
molecules at the zero-intensity points of a pump beam.

Micromanipulation

The tight localization of dark singularities and the ability to design
their polarization-dependent environment suit them to trapping
and manipulating particles and to high-precision photon-based
micromachining.

Superoscillation profiling and control

Optical singularities enable superoscillations, which have been
used to generate focal spots smaller than the diffraction limit or
highly directed signals.

Modelling phenomena

Optical singularities model complex phenomena across physics
by serving as scalable, controllable laboratory-scale proxies, giving
access to high-dimensional geometries and topological states.

throughair-core fibre'®'. Beyond scalar spatial modes, vectorial modes

with spatially varying polarization further expand the parameter space.
Quantum communication with fully non-paraxialmodes, using all three
Cartesian field directions, has also been demonstrated'®*, opening the
way to still higher-dimensional modes.

Imaging and sensing

Berry conjectured that structurally stable, generic singularities could
serve as a ‘skeleton’ for the wavefield, around which the global wave
behaviour can be constructed®. Because phase singularities are
generic, they serve as robust markers for tracking the evolution of
afield'®'°°, The positions of intensity zeros on a two-dimensional
transverse plane also improve the starting guess for phase-retrieval
algorithms in image reconstruction'*"1%8,

Singularities also reflect the coherence and tilt properties of
the illuminating field. A vortex plate produces a true intensity zero
only for coherent, normally incident light, because incoherent and
off-axis light cannot interfere destructively to zero. Swartzlander
proposed avortex-beam phase mask that suppresses coherent, on-axis
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illumination relative to incoherent or off-axis sources'’’. This under-

lies the optical vortex coronagraph?, which suppresses the bright
on-axis star in astronomical imaging so that peripheral objects can
be detected. Charge-2 vortices give better contrast than charge-1 or
charge-3 (ref. 91), and only the charge-2 mask has the correct geo-
metrical symmetry for quasi-achromatic subwavelength-grating
coronagraphs'®. An annular-groove vortex coronagraph on the 10 m
Keck Il telescope resolved a brown dwarf 186.5 milliarcseconds from

its host star'.

Precision localization metrology

The steep, tightly localized phase gradients around a singularity are
narrow, high-spatial-frequency features that track minute displace-
ments. Yuan and Zheludev'” used this property to create an opti-
cal ruler with subnanometre resolution, resolving displacements
of 1/800 by tracking high-phase-gradient features, compared with
A/3resolution when tracking bright peaks.

Liuetal.”®later applied machine learning to scattered light fields,
reconstructing nanowire displacements to better than 92 pm (or about
A/5,300), as large momentum transfersin high-phase-gradient regions
make the scattered field strongly dependent on nanowire position.

Even without phase resolution, field zeros can be localized more
precisely than field maxima because of shot noise. Treating photons
with Poisson statistics, the expected number of events E[N]is propor-
tional to the light intensity, and the standard deviation in Nis \/E[N].
Xiaoand Haprovide asimple model connecting shot noise to localiza-
tion precision, treating two positions as resolvable if their intensity
difference exceeds the standard deviation™ (Supplementary Fig. 1).
Foranintensity maximum with expectation N, > 1 the large standard
deviation /N,,,, meansabroad range of points have signal intensities
consistent with the true maximum, yielding poor localization (Sup-
plementary Fig. 1a). For an intensity minimum with the same local
intensity curvature, the smaller N, yieldsasmaller./N_;, and tighter
localization (Supplementary Fig. 1b). If the intensity minimum is a
phasessingularity, N,,;,approaches zero, bounded only by background.
Wolter used this effect to track intensity minima in total internal
reflection™.

Thesubdiffractionsize of dark spots underlies Nobel Prize-winning
STED microscopy. A fluorescent particle isilluminated with a focused
pump beam and a co-aligned depletion beam with a smaller, isolated
dark spot. Fluorescence is suppressed wherever the depletion beam
isbright. The effective point spread functionis thus reduced to the dark
region of the depletion beam, increasing spatial resolution while the
focal spot is scanned®*. Although STED microscopy does not strictly
require aphase singularity —only a dark local minimum for the deple-
tionbeam —its contrast and efficiency improve when actual singulari-
ties are used. STED microscopy has achieved 3D spatial resolutions
down to about A/10. Further improvements have been limited by the
localization precision of the fluorescent emission: for a Gaussian spot
withawidth of o(A), whichscales linearly with the emission wavelength,
the localization precision of the Gaussian centroid is o(1)/-/N, where
Nis the number of photons collected. High-resolution STED requires
long integration times to increase N, during which the particle may
photobleach or transition to other non-emitting states™®.

Balzarotti et al."® introduced MINFLUX, achieving an order-of-
magnitude improvement in resolution'”"* by localizing fluorescent
molecules at a zero-intensity point rather than a maximum. With as
few as four measurements at different positions of a scanning pump
beam containing a phase singularity, MINFLUX estimates the particle

position with precision scaling as L/-/N, where L is a wavelength-
independent length far smaller than o(A) (ref. 116). Its low photon
requirement enables rapid operation: it has resolved the walking
dynamics of kinesin at 2-nm spatial and millisecond temporal
resolution™.

Micromanipulation

The intensity minima of phase singularities can trap and manipu-
late microparticles and cold atoms. Conventional single-beam traps
use a tightly focused intensity maximum to hold high-index micro-
particles, whereas a doughnut (vortex) beam traps the particles
that such a maximum cannot: absorptive and reflective particles,
which can additionally be set rotating by OAM transfer'?® and glass
spheres whose refractive index is lower than that of the surrounding
medium'”. Heckenberg et al."”> and Yang et al.” review OAM-based
micromechanical manipulation.

Phase singularities also trap cold atoms with blue-detuned light.
Most cold atom traps use red-detuned light, which exerts an attrac-
tive force towards intensity maxima. Blue-detuned light is repulsive
and traps atoms in intensity minima instead. Bazhenov et al.”** first
suggested that alow-intensity region could trap cold atoms, and such
traps were soon realized using vortex modes'>",

Vectorial light fields with polarization singularities have also been
examined for optical trapping. Cylindrical vector beams (CVBs) have
polarization states with cylindrical symmetry around the optical axis.
The two canonical CVBs are radially polarized and azimuthally polar-
izedbeams, both with a paraxial V-type singularity on axis. The radially
polarized beam has an on-axis maximum of z-directed field at focus,
whereas the azimuthally polarized beam has no £, at focus, making its
focal point also anon-paraxial V-type singularity. Tightly focused radi-
ally polarized traps outperform uniformly and azimuthally polarized
traps in axial trapping efficiency because of reduced scattering
forces'”'?%, This reduction lowers the laser power needed for stable
trapping. CVBs have trapped beads in air'”’, carbon nanotubes’ and
absorptive magnetic nanoparticles™.

Thetight localization of vortex-beam singularities has been used
for micromachining ring-shaped structures with ultrashort pulses'?.
Hnatovsky et al.” showed that the longitudinal field component
must be considered when ablating with tightly focused ultrashort
pulses containing vortex modes. Duocastella and Arnold™* review
micromachining techniques with optical vortices.

Polarization fields also shape micromachining: ultrafast abla-
tion with spatially varying polarization fields, such as vectorial vortex
modes (radially and azimuthally polarized beams), can produce sub-
wavelength grooves governed by the local linear polarization>*¢, Such
pulses can also structure transparent materials: Baltrukonis et al."
used asuperposition of oppositely charged x-polarized and y-polarized
vortices to fabricate 3D tubular structures with modified refractive
indices,and Nacius et al.*® reported that a C-type polarization singular-
ity produces uniform flat-top beams with better performancein glass
welding and thin-film removal than Gaussian beams.

Superoscillation profiling and control

Superoscillations are local wave behaviours in bandlimited functions
that seem to contain Fourier components outside the function’s fre-
quency range. Singularities are closely connected to superoscillations:
a superoscillation occurs near a singularity, and its properties are
shaped by the singularity’s geometry**. Optical singularities provide
ameans to control nearby superoscillations.
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Glossary

Bandlimited function

A function whose Fourier transform
vanishes outside a finite frequency
interval.

Caustic

An envelope of a family of light
rays, appearing as a bright line or
surface of high ray density. Caustics
are singularities of ray optics and
are defined differently from the

wave-optical singularities treated here.

Cross-spectral density

A complex-valued function describing
the correlation between the fields at
two points at a given frequency.

Diffeomorphism

A smooth, continuously invertible
mapping that deforms one space into
another without tearing.

Jacobian determinant

The determinant of the matrix

of first derivatives, here of the
condition values with respect to
the configuration coordinates.

It measures local volume scaling
and orientation.

Level set

The set of positions at which a field
quantity takes one fixed value:

a contour line (isoline) in two
dimensions, a surface (isosurface)
in three dimensions.

Mobius strip

A structure in which the major
axis of the polarization ellipse
twists through half a turn (or an
odd number of half-turns) along a
closed path around a polarization
singularity.

Diffraction limit
The smallest feature an optical system

Mutual coherence function
A complex-valued function describing

canresolve, set by the wavelength the correlation between the fields at

Stokes parameters
Four measurable intensity

Poincaré-Hopf index

A topological integer obtained
combinations (Sy-S;) that fully
specify the paraxial polarization
state of a monochromatic field.

by accumulating the polarization
azimuth around a singularity on a
closed surrounding path.

Synthetic dimension

A controllable system parameter,
such as wavelength or angle of
incidence, treated as an additional
coordinate of configuration space.

Point spread function

The intensity pattern an optical
system produces from a point source;
its shape and width are common
measures of achievable resolution.

Weak measurement

A measurement based on weak
coupling between a system and
ameasuring device, causing little

Skyrmion

A smooth, localized topological
texture in which a field maps a
region of physical or configuration
disturbance but yielding little
information in each trial.

space onto a space with a non-zero
integer degree.

Winding number
Number of times a closed curve in

Skyrmionic hopfion

A three-dimensional topological
two-dimensional condition space
encircles the origin, including its
orientation.

texture in which every combination
of polarization state and phase
occurs exactly once within a
confined volume. Singularity lines
can organize the texture but do not

and aperture (Rayleigh criterion is two points and two times. define it.
~1.22)\/D for anideal circular aperture).
Superoscillations have roots in antenna theory: Schelkunoff’s Modelling phenomena

subwavelength-spaced arrays™’ and Toraldo di Francia’s super-gain

pupil synthesis® produce far-field central lobes narrower than the
open-aperture limit AG=1.221/D by positioning far-field intensity
zeros (Supplementary Fig.2). The mathematical basis is the theory of
superoscillation, which emerged later from the study of quantum weak
measurements: Aharonov and collaborators' found anomalously
large values arising from a bandlimited function oscillating faster than
its highest Fourier components. Berry"** studied such wave behav-
iour extensively and named it ‘superoscillation’. Huang et al."* first
linked superoscillations to subdiffraction focal spots, observing
subwavelength hotspots in the near field of nanohole arrays.

Superoscillations require phase singularities. The large phase gra-
dients V¢ around a phase singularity are themselves examples of sup-
eroscillations*, which occur only near such singularities — consistent
with their appearanceinlow-intensity regions of near-perfect destructive
interference. The singularities are not always obvious: in the canonical
superoscillatory function>*®, f(x) = (cosx+iasinx)¥,acsR,NeZ,
defined ontherealline, there are no apparent zeros. However, plotting
thefieldinthe complex planereveals that the superoscillatory behaviour
derives fromnearby charge Nsingularities (Supplementary Information
and Supplementary Fig. 3).

Although superoscillations have so far been connected only
to phase singularities, a similar formalism may extend to higher-
dimensional singular features associated with intensity minima, such
as paraxial and non-paraxial V singularities.

The topology of light around singularities can be mapped to other
domains, making these fields convenient laboratory-scale proxies for
more complex phenomena. For example, skyrmions, particle-like con-
tinuous fieldsin the 3D space, have analogousrealizationsin solid-state,
high-energy and cosmological physics®. The large number of tunable
parameters, such asfrequency and beamtilt, canalso serve as synthetic
dimensions for modelling high-dimensional geometries*’. Topologi-
cally nontrivial light can further excite topological collective statesin
atomic systems, which may be relevant to information transmission
and quantum simulators®-®*,

Outlook

Optical singularities have already yielded powerful tools forimaging,
microscopy and metrology, yet almost all of these exploit only the
simplest phase singularities. The many empty cells in Supplementary
Table 2, spanning combinations of configuration and condition dimen-
sion for which no singularity has yet beenrealized, show how much of
the field remains open.

The clearest frontier lies in these higher-dimensional singulari-
ties. Because ordinary space offers only three Cartesian dimensions,
singularities with a co-dimension above three become accessible
only through synthetic dimensions such as wavelength or angle of
incidence. Engineering stable singularities in these enlarged configu-
ration spaces —together with the composite structures they support —
would extend singular optics well beyond the phase vortex. Whether
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such structures hold up outside controlled conditions remains open:
fundamental singularities persist in scattering media only while
the perturbing field stays weaker than their stability strength, and
their composites reorganize into other singularity types once the
perturbation exceeds it.

Reaching that frontier will require the means to measure such
fields. Realistic applications depend on the field surrounding a singu-
larity as much as on the zero itself and so demand sensors with both
high spatial resolution andtilt, or phase, sensitivity. Polarimetric wave-
front sensors are a natural next step: they would enable full complex-
field tomography of £,, E, E,, and with it, the tight localization of
polarization singularities.

Published online: 21 September 2026
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