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Chapter 1

General Notes

1. Rayleigh-Jeans approximation: u(ν) = 8πν2

c3 kBT . Where u(ν) is the energy per frequency interval per unit volume.

Total energy per unit volume is U =
∫∞

0
u(ν)dν.

2. Planck’s equation:

u(ν) =
8πhν3

c3
1

ehν/kBT − 1

3. Bohr radius: rn = n2~2

me2 .

4. Rydberg constant: me4

2~2 = 13.6eV .

5. Schrodinger’s Equation (Time-dependent):

i~
∂Ψ

∂t
= − ~2

2m

∂2Ψ

∂x2
+ VΨ

6. Gaussian (square of the Gaussian wave function):

f(x) =
1

σ
√

2π
exp

(
−(x− µ)2

2σ2

)
7. Solution to initial value problem:

ψ(~r, t) = exp

(
−itĤ
~

)
ψ(~r, 0) = Ûψ(~r, 0)

Note that the eigenvalue equation for this unitary operator is:

exp

(
−iĤt
~

)
ψn = exp

(
−iEnt

~

)
ψn

8. Position displacement operator:

D̂[f(x)] = exp

(
idxp̂x
~

)
f(x) = f(x+ dx)

9. Angular displacement operator:

R̂∆φ = exp

(
i ~∆φ · L̂

~

)

where L̂ is the vector operator for the total angular momentum of the system.

10. Schrodinger’s Equation (time-independent)

− ~2

2m

d2ψ

dx2
+ V ψ = Eψ
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11. Expectation Value

〈f(j)〉 =

∞∑
j=0

f(j)P (j)

〈f(x)〉 =

∫ ∞
−∞

Ψ∗Q(x, p)Ψdx

12. Standard Deviation

σ =
√
〈j2〉 − 〈j〉2

σ2 =
〈

(Q̂− 〈Q〉)2
〉

13. Momentum

〈p〉 =

∫ ∞
−∞

Ψ∗
(
~
i

∂

∂x

)
Ψdx = m

d〈x〉
dt

14. Position

〈x〉 =

∫ ∞
−∞

Φ∗
(
−~
i

∂

∂p

)
Φdp

where Φ(p, t) is the momentum space wave function.

15. Velocity:

vp =
ω

k
=

~ω
~k

=
p

2m
=
vcl
2

vg =
∂ω

∂k
=

p

m
= vcl

16. Position and Momentum space correspondence:

Position space: Q̂(x, p)→ Q̂

(
x,

~
i

∂

∂x

)
k-space: Q̂(x, p)→ Q̂

(
−i ∂
∂k
, ~k
)

Momentum space: Q̂(x, p)→
(
−~
i

∂

∂p
, p

)
17. Hamiltonian Operator

Ĥ = − ~2

2m

∂2

∂x2
+ V (x)

18. Hamilton’s Equations:

∂H

∂x
= −ṗx

∂H

∂px
= ẋ

∂H

∂y
= −ṗy

∂H

∂py
= ẏ

∂H

∂z
= −ṗz

∂H

∂pz
= ż

∂H

∂θ
= −ṗθ

∂H

∂pθ
= θ̇

∂H

∂φ
= −ṗφ

∂H

∂pφ
= φ̇

∂H

∂r
= −ṗr

∂H

∂pr
= ṙ

In general:

∂H

∂ql
= −ṗl,

∂H

∂pl
= q̇l, l = 1, 2, . . . , N
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19. General solution to TISE:

Ψ(x, t) =

∞∑
n=1

cnψn(x)e−iEnt/~

20. Infinite square well: Boundary conditions: ψ(0) = ψ(a) = 0. Energy: En = n2π2~2

2ma2 =
~2k2n
2m , kn = nπ

a . One solution:

ψn(x) =
√

2
a sin

(
nπ
a x
)
.

21. Orthonormality:
∫
ψm(x)∗ψn(x)dx = δmn.

22. Delta function orthogonality:

〈ψk|ψk′〉 =
1

2π

∫ ∞
−∞

eix(k′−k)dx = δ(k′ − k)

23. Fourier decomposition. Given f(x) =
∑∞
n=1 cnψn(x), obtain cn =

∫
ψn(x)∗f(x)dx.

24. General solution to stationary states:

Ψ(x, t) =

∞∑
n=1

cn

√
2

a
sin
(nπ
a
x
)
e−i(n

2π2~/2ma2)t

cn =

√
2

a

∫ a

0

sin
(nπ
a
x
)

Ψ(x, 0)dx

25. Energy expectation value: 〈H〉 =
∑∞
n=1 |cn|2En.

26. TISE for harmonic oscillator:

− ~2

2m

d2ψ

dx2
+

1

2
mω2x2ψ = Eψ =⇒ 1

2m

[
p2 + (mωx)2

]
ψ = Eψ

27. Canonical commutation relation: [x, p] = i~

28. Ground state of harmonic oscillator:

ψ0(x) =
(mω
π~

)1/3

e−
mω
2~ x

2

, E0 =
1

2
~ω

29. Energy expectation values:

〈T 〉 =
〈p2〉
2m

〈V 〉 =
1

2
mω2〈x2〉

30. Normalised stationary states for harmonic oscillator:

ψn(x) =
(mω
π~

)1/4 1√
2nn!

Hn(ξ)e−ξ
2/2, ξ =

√
mω

~
x

31. Hermite polynomials:

H0 = 1

H1 = 2ξ

H2 = 4ξ2 − 2

Rodrigues formula: Hn(ξ) = (−1)neξ
2

(
d

dξ

)n
e−ξ

2

=⇒ Hn+1(ξ) = 2ξHn(ξ)− 2nHn−1(ξ)

dHn

dξ
= 2nHn−1(ξ)

Generating function: e−z
2+2zξ =

∞∑
n=0

zn

n!
Hn(ξ)
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32. Plancherel’s theorem:

f(x) =
1√
2π

∫ ∞
−∞

F (k)eikxdk ⇐⇒ F (k) =
1√
2π

∫ ∞
−∞

f(x)e−ikxdx

Say that F (k) is the Fourier transform of f(x) and that f(x) is the inverse Fourier transform of F (k).

33. The Fourier transform of a Gaussian is also a Gaussian. A Gaussian in space with width ∆x will be a Gaussian in
wavenumber with width ∆k = 1

2∆x .

34. Wave packet solution to Free Particle system:

Ψ(x, t) =
1√
2π

∫ ∞
−∞

φ(k)ei(kx−
~k2

2m t)dk

Ψ(x, 0) =
1√
2π

∫ ∞
−∞

φ(k)eikxdk ⇐⇒ φ(k) =
1√
2π

∫ ∞
−∞

Ψ(x, 0)e−ikxdx

35. Delta function well bound state: Given V (x) = −αδ(x), α > 0,

ψ(x) =

√
mα

~
e−mα|x|/~

2

, E = −mα
2

2~2

36. Reflection and Transmission coefficients (relative probability that a particle will be reflected/transmitted):

R =
1

1 + 2~2E/mα2

T =
1

1 +mα2/2~2E

37. Strategies for solving potential distributions:

(a) Make solution guess in each region (complex exponentials or trigo functions)

(b) Impose boundary conditions (wavefunction vanishes at infinity, continuity of wavefunction across boundaries,
continuity of derivative across boundaries), no incoming wave from the other side for scattering states)

(c) Normalisation (or infinite superposition for scattering states)

38. Hilbert Space: A (real or complex) complete inner product space. Complete: every Cauchy sequence of functions
converges to a function that is also in the space.

39. Inner product of two functions: 〈f |g〉 =
∫ b
a
f(x)∗g(x)dx.

40. Conjugate of inner product (skew symmetry): 〈g|f〉 = 〈f |g〉∗

41. Inner product is positive semidefinite: 〈f |f〉 ≥ 0, 〈f |f〉 = 0 ⇐⇒ f(x) = 0.

42. Inner product is antilinear in first element: 〈ax1 + bx2|y〉 = a∗〈x1|y〉+ b∗〈x2|y〉.

43. Inner product is linear in the second element: 〈x|ay1 + by2〉 = a〈x|y1〉+ a〈x|y2〉.

44. Integral Schwarz inequality:
∣∣∣∫ ba f(x)∗g(x)dx

∣∣∣ ≤√∫ ba |f(x)|2dx
∫ b
a
|g(x)|2dx.

45. Expectation value: 〈Q〉 =
∫

Ψ∗Q̂Ψdx = 〈Ψ|Q̂Ψ〉 =
∑
i〈Ψ|ωi〉〈ωi|Ψ〉ωi =

∑
i |〈ωi|Ψ〉|2ωi.

46. Operators representing observables must give a real expectation value 〈Q〉 = 〈Q〉∗ and hence must be Hermitian:
〈f |Q̂f〉 = 〈Q̂f |f〉,∀f(x).

47. The product of two Hermitian operators is Hermitian iff they commute.

48. If Ω and Λ are two commuting Hermitian operators, there exists a basis of common eigenvectors that diagonalises them
both.
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49. Matrix Representation of Operators:

Ωji = 〈j|Ω|i〉

Ω|V 〉 = Ω
∑
i

vi|i〉 =
∑
i

viΩ|i〉 =
∑
i

v′i|i〉 = |V ′〉

v′i =
∑
j

Ωijvj
v′1
v′2
...
v′n

 =

 〈1|Ω|1〉 〈1|Ω|2〉 · · · 〈1|Ω|n〉...
...

. . .
...

〈n|Ω|1〉 〈n|Ω|2〉 · · · 〈n|Ω|n〉




v1

v2

...
vn


The columns are the components of the transformed basis vector under Ω in the given basis.

50. Projection Operator:

• Note the completeness relation |V 〉 = (
∑n
i=1 |i〉〈i|) |V 〉.

• Hence |i〉〈i| is the projection operator Pi for the ket |i〉.
• On kets, Pi|V 〉 = |i〉〈i|V 〉 = |i〉vi.
• On bras: 〈V |Pi = 〈V |i〉〈i| = v∗i 〈i|.
• The identity operator: I =

∑n
i=1 Pi. In infinity dimensions, I =

∫
|x′〉〈x′|dx′.

• Product: PiPj = δijPj .

51. Matrix product (prove by writing the identity in between the operators and noting the identity can be written as a
sum of projection operators):

(ΩΛ)ij = 〈i|ΩΛ|j〉 =
∑
k

ΩikΛkj

52. Anticommutator: {A,B} = AB +BA.

53. Commutation identities:

• Â commutes with any function f(Â).

[A,BC] = B[A,C] + [A,B]C

[AB,C] = A[B,C] + [A,C]B

54. Hermitian conjugate (adjoint): The adjoint of an operator Q̂ is the operator Q̂† such that 〈f |Q̂g〉 = 〈Q̂†f |g〉 for all f
and g. A Hermitian operators is its own Hermitian conjugat.

55. General rule for taking adjoint of a product: Reverse the order of all factors, replace everything with the adjoint:
Ω↔ Ω†, |V 〉 ↔ 〈V |, a↔ a∗.

56. The eigenvalues of a Hermitian operator are real. Also, all Hermitian operators are diagonalisable and has an orthonor-
mal eigenbasis.
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57. Every operator can be written as a sum of a Hermitian and an Antihermitian operator:

Ω =
Ω + Ω†

2
+

Ω− Ω†

2

58. Unitary operator: UU† = I. Unitary operators preserve the inner product: 〈V ′2 |V ′1〉 = 〈UV2|UV1〉 = 〈V2|V1〉. For real
vector spaces, we have the orthogonality condition: U−1 = UT .

59. Determinate states have σ2 = 0, which only occur when Q̂Ψ = qΨ, where q is the value that the measurement returns.
Hence q is an eigenvalue of the operator Q̂ with eigenfunction Ψ. The zero function cannot be an eigenfunction.

60. Degenerate spectrum: When two or more linearly independent eigenfunctions share the same eigenvalue.

61. Types of eigenfunctions:

• Discrete eigenvalues: Eigenfunction lies in Hilbert space and constitute physically realizable states. Eigenvalues
are real if the operator is Hermitian. Eigenfunctions belonging to distinct eigenvalues are orthogonal 〈f |g〉 = 0.

• Continuous eigenvalues: Eigenfunctions are not normalizable, but linear combinations may be normalizable.

62. Axiom on completeness: The eigenfunctions of an observable operator are complete: Any function in Hilbert space can
be expressed as a linear combination of them.

63. Dirac Delta function from integral: δ(p− p′) = 1
2π

∫∞
−∞ ei(p−p

′)xdx.

64. Dirac orthonormality for continuous spectra: 〈fp′ |fp〉 = δ(p− p′).

65. Completeness of eigenfunctions for continuous spectra: Any function can be written as f(x) = 1√
2π~

∫∞
−∞ c(p)eipx/~dp

with the coefficient function calculated using 〈fp′ |f〉 =
∫∞
−∞ c(p)δ(p− p′)dp = c(p′).

66. Statistical Interpretation:

• If the particle is in a state |ψ〉, measurement of the variable corresponding to Ω will yield one of the eigenvalues ω

with probability P (ω) = |〈ω|ψ〉|2
〈ψ|ψ〉 . The denominator is 1 if the state was normalised. The state of the system after

the measurement is then the eigenstate |ω〉 after the measurement.

• Discrete spectra: Ψ(x, t) =
∑
n cnfn(x) =⇒ 〈Q〉 =

∑
n qn|cn|2,

∑
n |cn|2 = 1.

67. Momentum space wave function: Φ(p, t) = 1√
2π~

∫∞
−∞ e−ipx/~Ψ(x, t)dx. Note that this is the inverse Fourier transform

of the position space wave function. Hence we also have Ψ(x, t) = 1√
2π~

∫∞
−∞ eipx/~Φ(p, t)dp.

68. Generalized uncertainty principle: σ2
Aσ

2
B ≥

(
1
2i 〈[Â, B̂]〉

)2

.

• Commutator of two Hermitian operators is anti-Hermitian: Q̂† = −Q̂ and hence has imaginary expectation value.

69. Commutator identity: [AB,C] = A[B,C] + [A,C]B.

70. Minimum uncertainty: The necessary and sufficient condition for minimum uncertainty is that g(x) = iaf(x), a ∈ R.
For position-momentum uncertainty, the general solution is a Gaussian.

71. Common Uncertainty Principles:

∆x∆p ≥ ~
2

∆t∆E ≥ ~
2

∆t is the amount of time it takes for the expectation value of Q to change by one standard deviation:

σQ =

∣∣∣∣d〈Q〉dt

∣∣∣∣∆t
72. Time derivative of operator expectation value:

d

dt
〈Q〉 =

i

~

〈
[Ĥ, Q̂]

〉
+

〈
∂Q̂

∂t

〉
obtained using product rule on LHS and using TDSE. If operator does not depend explicitly on time (typical), third

term
〈
∂Q̂
∂t

〉
vanishes, and hence if the operator commutes with the Hamiltonian, then 〈Q〉 is a constant, and hence is

a conserved quantity.
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73. Special Case: Ehrenfest’s Theorem:

d〈p〉
dt

= −
〈
∂V

∂x

〉
in 3D:

d

dt
〈r〉 =

1

m
〈p〉

d

dt
〈p〉 = 〈−∇V 〉

74. Harmonic Oscillator Operators:

Lowering: â =

√
mω0

2~

(
x̂+

ip̂

mω0

)
Raising: â† =

√
mω0

2~

(
x̂− ip̂

mω0

)
x̂ =

√
~

2mω
(â† + â)

p̂ = i

√
~mω

2
(â† − â)

[â, â†] = 1

N̂φn = â†̂φn = nφn

75. Correspondence principle: Classical harmonic oscillator probability density: P = 1

π
√
x2
0−x2

such that
∫ x0

−x0
P (x)dx = 1

where ±x0 are the classical turning points.

76. Dirac Notation

• Operators are linear transformations |β〉 = Q̂|α〉.
• Vectors can be represented in any basis by their components: |α〉 =

∑
n an|en〉 with an = 〈en|α〉.

• Operators can be represented by their matrix elements: 〈em|Q̂|en〉 ≡ Qmn.

– 〈x|X|x′〉 = xδ(x− x′)
– 〈x|P |x′〉 = −i~δ′(x− x′).

• Bra: 〈f | =
∫
f∗[· · · ]dx. In finite-dimensional vector space, it is the Hermitian conjugate of the Ket.

• Projection operator: P̂ = |α〉〈α| picks out the portion of any other vector that “lies along” |α〉.
• Orthonormal basis: 〈em|en〉 = δmn and the sum of the projects along all the finite dimensions is clearly the

identity:
∑
n |en〉〈en| = I.

• Dirac orthonormal continuous basis: 〈ez|ez′〉 = δ(z − z′) with analogous integral over the basis:
∫
|ez〉〈ez|dz = 1.

• Spectral decomposition: For an operator Q̂ with a complete set of orthonormal eigenvectors Q̂|en〉 = qn|en〉, n =
1, 2, 3, . . ., we can write the operator as:

Q̂ =
∑
n

qn|en〉〈en|

77. Virial Theorem:

d

dt
〈xp〉 = 2〈T 〉 −

〈
x
dV

dx

〉
2〈T 〉 =

〈
x
dV

dx

〉
78. Dealing with the matrix Hamiltonian.

• Find the eigenvalues and eigenvectors of the matrix Hamiltonian.

• Consider the initial conditions (t=0) to find the coefficients of each of the eigenvectors to describe the system.
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• Tack on the time-dependence (since the eigenvalues obtained are the energies) to each of the eigenvector terms to
obtain the time-evolution of the system.

79. Equations in 3D:

• Momentum operator: p→ ~
i∇

• TDSE: i~∂Ψ
∂t = −~2

2m ∇
2Ψ + VΨ

• TISE: −~
2

2m ∇
2ψ + V ψ = Eψ.

• Solution to TDSE: Ψ(r, t) =
∑
n cnψn(r)e−iEnt/~

80. Canonical commutation relations: Let r = (r1, r2, r3) and p = (p1, p2, p3). Then:

[ri, pj ] = −[pi, rj ] = i~δij
[ri, rj ] = [pi, pj ] = 0

81. Spherical coordinates

• Laplacian:

∇2f =
1

r2

∂

∂r

(
r2 ∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 7Thθ

(
∂2f

∂φ2

)
• Separation of variables: Write ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ).

• Solution for azimuthal angle:

Φ(φ) = eimφ,m = 0,±1,±2, . . .

• Solution for polar angle:

Θ(θ) = APml (cos θ)

• Legendre function:

Pml (x) ≡ (1− x2)|m|/2
(
d

dx

)|m|
Pl(x) = P−ml (x)

• Legendre polynomial (using Rodrigues formula):

Pl(x) ≡ 1

2ll!

(
d

dx

)l
(x2 − 1)l

requires that l is a non-negative integer. Note also that if |m| > l, then Pml = 0. Hence for any l there are 2l + 1
possible values of m : −l,−l + 1, . . . ,−1, 0, 1, . . . , l.

• Legendre polynomials are orthonormal:∫ 1

−1

Pl(x)Pl′(x)dx =

(
2

2l + 1

)
δll′

• Call l the azimuthal quantum number and m the magnetic quantum number.

• Normalized angular wavefunction:

Y ml (θ, φ) = ε

√
2l + 1

4π

(l − |m|)!
(l + |m|)!

eimφPml (cos θ)

ε =

{
(−1)m,m ≥ 0

1,m ≤ 0

• Radial Equation:

u(r) ≡ rR(r)

−~2

2m

d2u

dr2
+

[
V +

~2

2m

l(l + 1)

r2

]
u = Eu

9



• Effective potential

Veff = V +
~2

2m

l(l + 1)

r2

tends to throw the particle away from the origin.

• General solution to radial equation in infinite spherical well: u(r) = Arjl(kr) + Brnl(kr), where jl(x) is the
spherical Bessel function of order l and nl(x) is the spherical Neumann function of order l:

jl(x) ≡ (−x)l
(

1

x

d

dx

)l
sinx

x

nl(x) ≡ −(−x)l
(

1

x

d

dx

)l
cosx

x

B = 0 because Neumann functions blow up at the origin.

• Energies in infinite spherical well:

Enl =
~2

2ma2
β2
nl

where βnl is the nth zero of the lth spherical Bessel function.

82. Hydrogen Atom

• Bohr formula:

En = −

[
m

2~2

(
e2

4πε0

)2
]

1

n2

• Bohr radius

a =
4πε0~2

me2
≈ 0.529× 10−10m

• Ground state of hydrogen (n = 1, l = 0,m = 0):

ψ100(r, θ, φ) =
1√
πa3

e−r/a

• See page 145 onwards for all the formulae for the hydrogen atom.

83. Angular Momentum operators and commutation relations:

L =
~
i

(r×∇)

Lx = ypz − zpy
Ly = zpx − xpz
Lz = xpy − ypx
[Lx, Ly] = i~Lz
[Ly, Lz] = i~Lx
[Lz, Lx] = i~Ly

L2 = L2
x + L2

y + L2
z

[L2,L] = 0

[Lz, L
2] = 0

[Lz, x] = i~y, [Lz, y] = −i~x, [Lz, z] = 0

[Lz, px] = i~py, [Lz, py] = −i~px, [Lz, pz] = 0

Note that only one of the three Cartesian components of the angular momentum may be known at one time.
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84. Angular momentum stuff in spherical coordinates:

L̂2 = −~2

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂φ2

]
L̂x = i~

(
sinφ

∂

∂θ
+ cot θ cosφ

∂

∂φ

)
L̂y = i~

(
− cosφ

∂

∂θ
+ cot θ sinφ

∂

∂φ

)
L̂z = −i~ ∂

∂φ

L̂+ = ~eiφ
(
i cot θ

∂

∂φ
+

∂

∂θ

)
L̂− = ~e−iφ

(
i cot θ

∂

∂φ
− ∂

∂θ

)
85. Angular momentum ladder operators (increases or decreases the value of m by 1):

L± = Lx ± iLy
Lz(L±f) = (µ± ~)(L±f)

[L2, L±] = 0

[Lz, L±] = ±~L±
L2 = L∓L± + L2

z ± ~Lz

86. Angular momentum eigenvalue equations:

L̂2φlm = ~2l(l + 1)φlm, l = 0, 1, 2, . . .

L̂φlm = ~
√
l(l + 1)φlm

L̂zφlm = ~mφlm,m = −l, . . . , 0, . . . , l

87. Solid angle dS = r2dΩ = r2 sin θdθdφ.

88. Two body problem: If the interaction potential only depends on the separation between particles ~r = ~r1 − ~r2, then we
define the position of the centre of mass ~R = m1~r1+m2~r2

m1+m2
such that ~r1 = ~R − µ

m1
~r, ~r2 = ~R − µ

m2
~r. Differentiation with

respect to particle 1 and 2 positions can then be written as:

∇1 =
µ

m2
∇R +∇r

∇2 =
µ

m1
∇R −∇r

where 1
µ = 1

m1
+ 1

m2
is the reduced mass, and the time independent Schrodinger equation becomes:

−~2

2(m1 +m2)
∇2
RΨ− ~2

2µ
∇2
rΨ + V (~r)Ψ = EΨ

Alternatively, define the weighted momentum p = m1p2−m2p1

m1+m2
and the total momentum P = p1 + p2 and write the

Hamiltonian as:

H =
P 2

2M
+

[
p2

2µ
+ V (r)

]
= HCM +Hrel

89. Composite wavefunction for indistinguishable particles: ψ±(x1, x2) = 1√
2

[ψa(x1)ψb(x2)± ψb(x1)ψa(x2)]. If the particles

are distinguishable, then ψ(x1, x2) = ψa(x1)ψb(x2). Plus sign for bosons, minus sign for fermions.
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90. Symmetrization requirement. For two identical particles, ψ(~r1, ~r2) = ±ψ(~r2, ~r1), plus sign for bosons, minus sign for
fermions.

91. Exchange force: Non-trivial. See page 208.

92. Probability Current Density:

J =
~

2mi
(ψ∗∇ψ − ψ∇ψ∗)

with dimensions per area per second.

93. Transmission and Reflection. Given:

ψinc = Aei(k1x−ω1t)

ψref = Bei(k1x+ω1t)

ψtrans = Cei(k2x−ω2t)

The reflection and transmission coefficients are:

T =

∣∣∣∣JtransJinc

∣∣∣∣ =

∣∣∣∣CA
∣∣∣∣2 k2

k1

R =

∣∣∣∣JreflJinc

∣∣∣∣ =

∣∣∣∣BA
∣∣∣∣2

94. Finite rectangular barrier:

1

T
= 1 +

V 2

4E(E − V )
sin2(2k2a), k2 =

√
2m(E − V )

~
, E > V

1

T
= 1 +

V 2

4E(E − V )
sinh2(2k2a), k2 =

√
2m(V − E)

~
, E < V

95. Potential step:

T =
4k2/k1

(1 + (k2/k1))2
, E > V

k2
2

k2
1

= 1− V

E

Transmission is zero if E < V , so that the kinetic energy in the entire step region is negative.

96. Scattering off a finite potential well

1

T
= 1 +

V 2

4E(E + |V |)
sin2(2k2a), k2 =

√
2m(E − V )

~

97. Double potential step:

T =
4k1k3k

2
2

k2
2(k1 + k3)2 + (k2

3 − k2
2)(k2

1 − k2
2) sin2(k2a)

, k1 ≥ k2 ≥ k3

98. Delay from reflection and transmission. Let X be the centre of the incident wavepacket at t = 0, which moves with
group velocity ~k0

m .

Incident packet: x =
~k0

m
t−X

Reflected packet: x =
−~k0

m
t+X +

(
∂φR
∂k

)
k0

Transmitted packet: x =
~k0

m
t−X −

(
∂φT
∂k

)
k0
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where the wave functions are:

ψinc =
1√
2π

∫ ∞
−∞

b(k)eikXei(kx−ωt)dk

ψrefl =
1√
2π

∫ ∞
−∞

√
ReiφRb(k)eikXe−i(kx+ωt)dk

ψtrans =
1√
2π

∫ ∞
−∞

√
TeiφT b(k)eikXei(kx−ωt)dk

99. Plane wave solution to 3D Schrodinger equation (free particle in 3D):

ψk(r, t) = Aei(k·r−ωt), ~ω = Ek

100. 3D Dirac Delta:

δ(r− r′) = δ(x− x′)δ(y − y′)δ(z − z′)

δ(r− r′) =
1

(2π)3

∫∫∫
ei(k·(r−r

′)dk

dk = dkxdkydkz

ψk =
1

(2π)3/2
eik·r ⇐⇒

∫∫∫
ψ∗kψk′dxdydz = δ(k− k′)

101. 3D Wavepacket:

ψ(r, t) =
1

(2π)3/2

∫∫∫
b(k, t)ei(k·r−ωt)dk

b(k, t) =
1

(2π)3/2

∫∫∫
ψ(r, t)e−i(k·r−ωt)dr

102. Radial and Angular momentum:

Ĥ =
p2

2m
=

p2
r

2m
+

L2

2mr2
, pr =

~
i

1

r

∂

∂r
=

1

2

(
1

r
r · p + p · r1

r

)
pr is not just simplify r·p

r because this is not Hermitian.

103. Central potential radial equation. Write φ = R(r)Y ml (θ, φ). Then R(r) satisfies:

[
p2
r

2µ
+

~2l(l + 1)

2µr2
+ V (r)

]
R(r) = ER(r)

where the second term is the angular momentum barrier.
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