Ph125ab Book Notes: Quantum Mechanics

Schwarz Inequality (1.3.15, Pg 16)
(VW) < [VI[W]
Triangle inequality (1.3.16, Pg 16)
V+W|[< |V + W]
Vector triple product
a-(bxe)=b-(cxa)=c-(axb)
Summation relations
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In n-dimensions, just bring both sides to
the appropriate nth power by separating
the integral into a product of indepen-
dent terms.

Matrix inverse

a b\ ' 1 d b
c d Cad—bc\ —¢ a

Adding subspaces Given to subspaces
V;”,V?j , define the sum V' & V;Lj =
Vi* to be the set containing all elements
of each of the subspaces as well as all
possible linear combinations of all the el-
ements of both subspaces:
Commutator Identities (1.5.10-11,
Pg 20)

[Q,AB] = A[Q, 0] + [, A]©
[AQ, 0] = A[Q, 0] + [A, O]

Matrix elements of linear opera-
tors (1.6.1, Pg 21) Let vectors be ex-
pressed as columns. Then the jth row,
ith column component of the operator
matrix can be written as:

(71908) = Qi
Hermitian/Anti-Hermitian Opera-
tor (Definition 13-14, Pg 27)

Of =Q  Hermitian
QO = —Q  Anti-Hermitian
_Q+0f  a-af

Q
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Hermitian operator eigenvalues are real
(Theorem 9, Pg 35). Every Hermi-
tian operator has a basis of orthonor-
mal eigenvectors and is diagonal in this
eigenbasis with eigenvalues along the di-
agonal (Theorem 10, Pg 36).

Unitary (Definition 15, Pg 28)

UUut =1

Unitary operators preserve the inner
product when operating on both bra
and ket (Theorem 7, Pg 28). The rows
and columns of a unitary matrix are or-
thonormal (Theorem 8, Pg 28). The
eigenvalues are complex numbers of unit
modulus (Theorem 11, Pg 39). The
eigenvectors of a non-degenerate unitary
operator are mutually orthogonal (The-
orem 12, Pg 39).

Trace properties (Ex 1.7.1, Pg 30)

Tr(QA) = Tr(AQ)
Tr(XYZ) = Tr(YZX) = Tr(ZXY)
Tr(Q) = Tr(UTQU)

Characteristic Polynomial (1.8.6,
Pg 32)

det(d —wl) =0

Simultaneous Diagonalization
(Theorem 13, Pg 43) If two Her-
mitian operators commute, there exists
a basis of common eigenvectors that
diagonalizes them both.

Pauli Matrices The Pauli matrices
form an orthogonal basis for the com-
plex Hilbert space of 2x2 matrices.
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With properties (Pg 381):

o2=1 i=1,23

—1010903 = 1
[0as0p] = Z 2i€4bc0e
{04,000} = 20ap1
By 14.3.33 (Pg 381):

00y = 10,

They are orthogonal with respect to the
trace inner product (14.3.40a, Pg 382):

TI‘(O’iO'j) = 251‘3‘

with cyclic permutations. Any complex
matrix can be written as a linear com-
bination of the Pauli matrices (where
oo =1T), (14.3.42-43, Pg 383):

M = Zmaaa

1
Mg = §Tr(Maa)

The Levi-Civita symbol is +1 if the val-
ues are cyclic permutations of (1,2,3)
and -1 if the values are cyclic permu-
tations of (3,2,1). Eigenvalues are +1.
Define the Pauli vector &

Eiali’+02g+032

i 7= as ayp — iag
a1 + ias —as
(@a-5)*" =1
(& . 6)2n+1 _ b

G-
e!lal@%) — [ cos |a| 4 i(a - &) sin|al

ox —iHt\ ox —i(gg - o)t
PU )= h
t t
= Cos (gi,i) I —isin (gh) (§-07)
Rotation Matrix (12.2.1, Pg 306)
—sinf
cos

rotates a vector counterclockwise.

cos
sin 6

o)~

Exponential Operator (1.9.3, Pg
54)

oo
QTL
e = Z |
n!

n=0

e™2eb® — a0 10 O] = 0, Pg 56

Exponential Chain Rule (1.9.8, Pg
56)

% (e)\Qe)\e) _ Qe’\QeMa + e)‘Qe’\GG



Delta function properties (1.10.23,
1.10.26, Pg 62)

d"§(x — ') dr
dm“ dx'™

dk: ih(a’~z) _ 5z’ —x)

=§(x — )
1
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More identities from Wolfram Math-
world:

8 (—z) = —8()
x8' () = —(x)
26 (z) = (=1)"n!d(z)

d(ax) = —o(x)

lal

1
3a |[ (x 4+ a) + 6(x — a)]

Fourier Transform and Inverse
(1.10.24-25 Pg 62-63)

§(z? —a?) =

F(k e~k f(x)dz  forward
\/ 277 /
f(zx) ””F k)dk reverse
\/271'

Position and Momentum Space
K =—-iD
Pg 66:

is Hermitian, Pg 65
lim eikzefik':r —
xr—r0o0

1 A+A ) ,
X / e R=R)T g — 0,k £ K
L

1 ikx . .
——=¢"""  Momentum eigenfunctions
Vo

lim
L,A—o00

With h (Pg 137):
1
Pp(x) = (z[p) = eire/h
2

1 efipz/h

St

(KKK = K'6(k — k) 1.10.36, Pg 68
(/| X|x) = x6(2’ — ) 1.10.38, Pg 68
(k| X|K) = i6'(k — k') Pg 69
(X, K] =il, 1.10.41

Action (2.1.3, pg 76)

) = /t %f L(w, @)t

i
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First order multivariable Taylor
expansion (2.1.4, pg 77)

+Zaf

'L
Euler-Lagrange Equation (2.1.9,

Pg 78)
oL
=) = Vi, <t<t
dt(a ) 0 ==

fa®+m) = M+

20

oL
ox

Canonical momentum and force
(2.1.12-13, pg 80)

oc
P= 4,
oL

F, =
6(]11

Cyclic Coordinate (2.1.14, pg 81) is
a coordinate such that the Lagrangian
depends on the velocity (time derivative
of coordinate) but not the coordinate it-
self. Then p; is conserved:

oL _
0q; B

dp; d (LY _
dt — dt \0¢; )

By 2.7.1, Pg 91, for a cyclic coordinate
@; missing in the Hamiltonian:

oH

9q;

Polar Equations of Motion (2.1.18-
19, pg 81)

=0

pi=—

v )
mp —ap+mp(¢)
md,__i@l_m

o p2 09 p

Lorentz Force CGS (2.2.1, Pg 83)
F=gq (E —+ Y B)
c
Electromagnetic Lagrangian (2.2.2,

Pg 83)

1
EEMzimv'U—Q¢+gU'A
c

A
p=mv+ T2 2927 Pgsd
C

EM Potentials and Fields (2.2.3-4,
Pg 83)

10A

E=— -
v c Ot
B=VxA

Two-body CM coordinate (2.3.2-4,
Pg 85)

mi1T] + MaoTa

roMm =

mi + mo

meoTrT
ri=rcM At ———
mi + mo

mir
To=Tem — —————
mi + mo

Hamiltonian Formalism (2.5.2, Pg
87)

OH
Op;

G =

Legendre Transform (2.5.4, Pg 87)
daf

Given u(z) = e
x

= z(u)u — f(z(u))
dg

then v x(u)

define g(u)

Multidimensional Legendre Trans-
form (2.5.6, Pg 87)
Given f = f(z1,z9,...,2y)

we can eliminate a subset of variables in

favor of partial derivatives u; = % by
the transformation:
g(ut, .o U, Tjg1, ., Ty) =
J
Zuiwi = flz1,. . @)
i=1
so that:
99
= T;
0ui ‘
Hamiltonian (2.5.14, Pg 89)
H=> pidi—
i
Hamilton’s Canonical equations

(2.5.12, Pg 88)

oH .
O = 4q;
oH .

_a%‘ — b

for a total of 2n first-order equations for
a system with 2n degrees of freedom.

Electromagnetic Hamiltonian
(2.6.2, Pg 91)
—qA/c)|?
sy 2= 0A)OP
2m

Poisson Bracket (2.7.3, Pg 92)

Ow O\ Ow O\
A} = 22: (8%— ap:  Op; 8%’)
so that:

L oy

and if the PB vanishes, then w is con-
served. Further identities (Pg 92):

{w,A\} = —{\,w}
{w, A+ 0} ={w,\} +{w,0}
{w, A0} = {w, A\}o + Mw, o}



Poisson brackets are invariant under
canonical transformations (2.7.19, Pg
96).

Poisson Bracket coordinate rela-
tions (2.7.4a-4b, Pg 92)

{ai,4;} = {pi,p;} =0
{¢i,pj} =&

These are sufficient conditions for a set
of coordinates to be canonical (Pg 95).
Point Transformation (2.7.11, Pg
93)

qi — Qi(qlv .. 7Qn)
_ dq;
pi=) 520
; qi

Regular transformations (Pg 97)
preserve the range of the variables.
Symmetries (2.8.3, Pg 99) If H is in-
variant under the following infinitesimal
canonical transformation:

_ dg

qi = q; + Eapi

_ dg
R —

Di = Di 8(]7;

for g(p, q) being any dynamical variable,
then ¢ is conserved. Call g the gen-
erator of the transformation. Also, by
Pg 99, if H is invariant under the regu-
lar, canonical (not necessarily infinitesi-
mal) transformation (g, p) — (¢, p), and
if (q(t),p(t)) is a solution to the equa-
tions of motion, then (g(t),p(t)) also is
a solution.

Relation between action S and E
(Pg 104)

0Sa (g, ty; @i, ty)
ot

= —H(ty)

Plane Wave (3.1.1-2, Pg 108)

P(z,t) = Aexp {z (2;30 - Q;Tt)}
¢(T,t) _ Aeik-r—wt

Postulates of QM (Pg 115-116) I
The state of a system is represented by
a vector |¢(t)) in Hilbert space. IL.
The Hermitian operators corresponding
to position and momentum have the fol-
lowing matrix elements:

(x| X|2") = 26(x — )
(x| P|2"y = —ihd'(xz — ')

IIT. Measurement of €2 yields one of its
eigenvalues w with probability P(w) o

|(w[p)|?. The final state is |w). IV. The
state vector evolves with Schrodinger’s
equation (4.3.1, Pg 143):

. d
i (t)) = HIv (1)

Normalized Probability (4.2.1, Pg
118)

[{wil )]

(¥l

Expectation and
(4.2.6-7, Pg 127-128)
() = (¥IQyp)

AR = V{(2 - (2)?)
Density Matrix (4.2.20-22, Pg 133-

134) For general mixed ensembles with
a collection of systems in different states.

o= mli)i
(@) = 3wl

Tr(2p) = (@)

P(UJZ) =

Uncertainty

More identities (4.2.23, Pg 134):

pl=p
Tr(p) =1
tr(p?) <1, equality for pure ensemble
For special ensembles:

p> = p pure ensemble

1
p= %I uniformly distributed ensemble

Normalized Gaussian state (Pg
135) Note that the probability is the
magnitude squared.

1 2 2
_ —(z—a)?/2A
’l/)(l') - (7TA2)1/4 €
(X)=a
A
AX = —
V2
Electromagnetic Hamiltonian

(4.3.6-7, Pg 144)

lp— (a/c)A(r,1)?

Classical: + qp(r,t)
2m
Quantum (symmetrized):
1
H=_—(P-P-ip.a-la.pP
2m c c

q2
C

Time evolution propagator (4.3.13-
14, Pg 146)

Ut) =) |E)Ele P/
E
U(t) — efth/h

so that [¢(t)) = U(t)[¥(0)). This op-
erator is unitary, and hence preserves
norms. More propagator properties
(4.3.16, Pg 149):
U(ts, t2)U(ta,t1) = Ults, t1)
Ul(ta, t1) = U ta, t1) = Uty t2)

Free particle time evolution propagator,
position basis (5.1.10, Pg 153):

m 1/2 - "2
Uz = < ) im(z—az')*/2ht
@U@ = (5) e
so that the time evolution can be written
as the integral (5.1.11, Pg 153):

(e, t) = / (U (1) Y (o, 0)da’

Choosing a basis (Pg 149) In coor-
dinate space (X basis):

X >z P%—ihi
dx

and momentum space (P basis):
o d
X —wih—, P—p
dp

If V(X) is a complicated function of X,
use the X basis.

Gaussian Wave Packet (5.1.14, Pg
154)

, . '/h efa:/2/2A2

— ptPoT
P(a',0) =e (7rA2)1/4
For time evolution results (highly com-
plicated) see Pg 154, 5.1.15-16. General
results: (X) = %, width of packet
grows asymptotically like ¢.
Particle in a box eigenfunctions
(5.2.15-16, Pg 159)

2 nnT

7 sin *7%,

Yn(z) = 5
Energy levels (5.2.17c, Pg 159):

n even

n odd

h2r?n?
" omI?
Probability Current Density (5.3.8,
Pg 166)

JZ%W V¢—¢V¢)



so that (5.3.7, Pg 166):

oP

ot
Time Derivative of Expectation
Value (6.1, Pg 179)

d i ;
any WIQL) + (WIQl)

Ehrenfest’s Theorem (6.2, Pg 180)
for operator without explicit time de-
pendence.

=-V.j

= (YI920y) +

_ﬁ<[QvH]>

Hermite Polynomials (7.3.21, Pg
195)

—(Q) =

Hy(y) =1
Hy(y) =2y
Hy(y) = —2(1 — 2¢°)

Hs(y) = —12(y — %yg)

4
Hay(y) = 12(1 - 4y + 2y")
with recursion relations (7.3.24-25, Pg
195):
H! (y) =2nH,_
Hp1(y) =2yH, —2nH,_,

and orthogonality condition (7.3.26, Pg
195):

/ O; H,(y)H.

1D Harmonic oscillator solution
(7.3.22, Pg 195)

(y)e ¥ dy = /A2 "0l

mw 1/4 mw
—mwz?/2h e
(i)« 5]

Ground state (7.3.40, Pg 200):

mw 1/4 —mwzx? 1
1/10(x) _ (ﬁ) oMW /2h

Raising and Lowering Operators
(7.4.3-4, Pg 203):

1
a:,/@)ﬂu/ip
/mw /

2h
with commutation relation (7.4.5, Pg
203):

[a,al] =1

We can re-write the 1D Hamiltonian
(7.4.6, Pg 204):

H = (a'a+1/2)hw

The operation of these are (7.4.21-22, Pg
207):

aln) = v/njn — 1)
afln) = vn+1jn+1)

Inverting the operators (7.4.28-29, Pg
207):

t
2mw(a+a )

mwh
2

P=i (af —a)

Commutation relations for N de-
grees of freedom (7.4.39, Pg 211)

[Xl', PJ] = zh&w = ih{l’i,pj}pB
[Xi,Xj} =0= ih{xi,.rj}p[g
[P, Pj] = 0=ih{pi,pj} P

Use these relations to promote parame-
ters to operators and quantize the sys-
tem.

Path Integral formulation of prop-
agator (8.1.1, Pg 223)

=4 2,

all paths

({E,t,l' t ZS[I t)]/h

where A is a normalization factor. Note
that the sum is dominated by the classi-
cal action because the action is station-
ary around the classical path, allowing
the contributions to add constructively.
Formally, (8.4.1, Pg 226):

TN .
/ iSO/ D (1]
zo

where the sum over all paths is per-
formed as (8.4.8, Pg 229):

/ Dla(t)] =

1i del d:L'N_l
eHOIJIVn%oo B B

B (27Th62>1/2
m

General Uncertainty Relation
(9.2.12, Pg 239)
(AQ)*(AA)* >
1 A a 1 A A
1O A W) + 2 (I, Aljy)?

Two particle QM (Pg 247-248)
[X;,X,;] =0 10.1.1b
[Pi,Pj] =0 10.1.1¢c
(@hay|vrrs) = 6(2) — 21)6(wy — 22)
P(I‘l, £E2) = |<’I1$2W1>|2 10.1.5
/P(Il,Ig)d$1dI2 =1 10.1.6

Direct Product (10.1.10, Pg 249) is
the product of vectors from two different
spaces. It is linear:

(alz1) + a'l2)) @ (Blaz))
= aflz1) @ [x2) + o' Blay) @ |z2)

The inner product in the direct product
space is (10.1.11, Pg 250):

(21| @ (@3])(|#1) @ |22))
= (2} |z1) (25 lza) = d(2) — 21)d(2h — 22)

The coordinate-space representation is
(10.1.22a, Pg 253):

Z ZOthle x1)wa(2)

w1 w2

which corresponds to (10.1.22b, Pg 253):

= ZZCLA}17W2|W1> ® ‘W2>

w1 w2

.’1317372

Direct Product of Two Operators
(10.1.14, Pg 250)

(I @ A5)Jwn) @ fowa)
= [1{w1) @ [A57wn)
Define the operator ng ) as operating on
the ¢ particle in the vector space j. Note
that this operator acts as the identity on

all spaces not j. The direct product has
properties (10.1.17a-17d, Pg 251):

OV @1, 1M g AP =0

@ o) e @ AyY)
= (20){"” & (TA)SY
It [ofY, AfY] =11,

Then [Q{VP(), A(D9@)] _ p(D)
(Q(ll)®(2) + le)®(2))2

= (@)W 1?4+ 1V g (0P 120V @ 0

® I

and commutation relations (10.1.18, Pg
252):

[x(He@ pMe@) _ jp5, ()
(X(VE@ xme@)
7 Eaa
H82) pH@E) _
(PR phE] — g



Time evolution of multi-particle
system For separable Hamiltonian ‘H =
Hi(z1,p1) + Holwo,p2) (10.1.29, Pg
255):

5(0) = [Er)e=Pr/m g | Ep)e B/

Two Interacting Particles (Pg 256-
257) For two particles with potential
that only depends on the separation
V(x1 — x2), move into CM coordinates
with separation operators x = x1 — o,
p = p&, where p = L2 is the re-
duced mass. Then the Hamiltonian is

(10.1.38, Pg 257):

2

2
_bom | P
H= Wi +2u+V(x)

with quantization conditions (commuta-~
tor relations) from 10.1.39a-b, Pg 257:

[(Xcm, Poum) = ih
(X, P| = if

with all other commutators zero. In the
position basis, the energy eigenfunctions
become (10.1.41, Pg 257):

etpom-rom /R

\V2rh

p%’M
E=""+FE.
on e

wE'rel (x)

Ye(rom, ) =

We can move into the CM frame (assum-
ing CM drifts like a free particle) and set

pcm = 0.
Bosonic and Fermionic Hilbert

spaces (Pg 265-268) The normalized
symmetric eigenvector (discrete vari-
able) is (10.3.10a):

W1 # W

W =W =W

(wiwa)+lwswi))
2

lww),

lwiws, S) ={

with probability function (10.3.11, Pg
266):

Pg(wr,ws) = [{wiws, S|Ys)|?

and normalization condition (10.3.12a-
b, Pg 266):

E Ps(wl,wg) =1
dist
Wmax w2

Z Z Ps(wl,CUQ) =1

W2=Wmin W1=Wmin

where the summation is over all distinct
states.
The wavefunction in position space has

a scale factor (10.3.16, Pg 267), and sim-
ilarly for the asymmetric case:

s (z1,22) = (12!)@:1%2, S|vs)

so that the normalization can be per-
formed over all 2D space (10.3.17, Pg
267):

1= / / s (21, 22)|?dz1das

Note that the probability must be writ-
ten with the scale factor if not over the
entire space (10.3.18), Pg 267):

Ps(x1,12) = s (1, 22)?

Translational invariance (11.2.40,
Pg 292)

H(X,P)=T'(e)HT(¢) = H(X +¢l, P)

Generators and Operators
(11.2.13, Pg 283)
1€
Te)=1-—-G
(=1-7

G is the generator and is Hermitian.
Unitary transformation of operator
(Pg 286) For any Q(X, P) that can be
expanded in a power series, for any uni-
tary operator U,

UlQ(X,P)U = QUTXU,UTPU)

Finite translation
(11.2.29, Pg 290):

operator

T(a) — e—iaP/h

Parity transformation (11.4.2-3,
Pg 297)

Hz) = | - )

lp) = =p)

and its operation on operators (11.4.7,
Pg 298):

oIfxnm=-x
nro=-pr

Parity invariance is defined as (11.4.8,
Pg 298):

II'HIl = H(-X,-P) = H(X, P)

In spherical coordinates (need to prove
this):
r—r
0—m—40
=T+

The net effect of the parity transforma-
tion is to achieve:

Y™ (m = 0,7+ ¢) = (=1)'Y,"(0,9)

so the parity is (—1)!. This can be
proved by examining the Y} function
(12.5.32, Pg 335):

Y o et? sin' @

Then show that [L_,II] = 0 so that the
parity doesn’t change under lowering.
Translation in arbitrary direction
(12.1.5, Pg 306):

T(d) = o—ia-P/h

Angular momentum
(12.2.11, Pg 308):

operators

L.=XP,—YP,

and in polar coordinates (12.2.19, Pg
309):
., 0
LZ = —Zh%

It has normalized eigenfunctions (12.3.9-
10, Pg 315):

O (@) = Nor

2m
/ OF Bidd = S
0

In the other directions (12.4.1ab, Pg
318):

L,=YP, - ZP,

L,= 2P, — XP.

Angular momentum commutators
(12.2.16-17, Pg 309)

[X,L.] = —ihY
[Y,L.] = ihX
[Py, L.] = —ihP,
[P, L.] = ihP,

and (12.4.4abc, Pg 318):

[La, L) = ihL,
Ly, L.] = ihL,
(L., L,] = ihL,

or in summary (12.4.5-6, Pg 319):
LxL=inL

3
[Li, Lj] = th eijkLk
k=1



Cross Product and Levi-Civita
symbol (12.4.8-9, Pg 319):

C=adxb

3
a=2

eijkajbk
j=1k=1

Rotation generator (12.4.12, Pg
320):

U[R(©)] = e~ /"
Angular momentum raising and
lowering operators (12.5.3, Pg
322):

Li=L,+il,

with commutation relations (12.5.4-5,
Pg 322):

[L.,Ly]=+hLy

[LQ, L:I:] =0
Inverting,
Jy+Jo
fo= 5
Jyp—J-
J,=—
Y 24

These operators give the effect (12.5.20,
Pg 327):

Any wavefunction can be expanded in
spherical harmonics (12.5.37ab, Pg 336):

%) l
U(r0,8) = > CI'(r)Y™(6,0)

=0 m=—1
o (r) = / Y6, 0))" (.0, 6)d2

See page 337 for a list of spherical har-
monics. The angular momentum opera-
tors have the effect:

L*Y™ = RPI(1+ 1)y
L.Y;"™ = hmY]™"
The physical meaning of the coefficients
are the probabilities that a wavefunction

has particular angular momentum eigen-
values (L? = I(l+ 1)h, L, = mh):

Prm = / O (r) P2
0

Negative m values
(12.5.40, Pg 337):

correspond  to
Y = (-

Rotationally invariant problems in
spherical coordinates The Laplacian
is (12.6.1, Pg 339):

10 ,0 1 0 0
2+ 0 0 L O . 0
V= r2 BTT Or  r2sinf 00 Smaae
R
r2sin? § 02

Jiljm) = h/(GF m)(j £m+ 1)|j,m £ 1)

In the coordinate basis (12.5.27, Pg
334),

. 0 0
+i¢p .
Ly — the (89 izcot98¢)

Angular momentum eigenvalue
equations (12.5.17ab, Pg 326):

J?jm) = j(j + DR*|jm),j =0,1/2,1...
m=y4,7—1,...,—j

Jz|jm) = mh|jm),

For  orbital angular momentum

(12.5.18ab, Pg 326):

L2|im) = I(1 + 1)A*|lm),1 = 0,1,2,...
L.[lm) =mh|lm),m=1,1—1,...,—1

Spherical harmonics Orthonormality
condition (Pg 335):

/ [Em(97 ¢)]* }/ZTn/ (03 ¢)dQ = 6ll’5m,m’
dQ) = d(cos 0)d¢o

which can be written using the spherical
form of the total angular momentum L?:
10 ,0 L?
22

r20r Or  h%r?

We seek simultaneous eigenfunctions of

H,L? and L., which have the form
(12.6.2, Pg 339):

wElm = RElm(r)lem<97 (b)

Make the change of variable (12.6.4, Pg
340):

v?=

REl:@
r

and at r — 0, the asymptotic solution is
(12.6.14, Pg 343):

Uy ~ ottt et

Reject the irregular solutions r~! since
they do not meet the boundary condi-

tion (12.6.12, Pg 342):

Ugi —0,r—=0

Auxiliary radial function for spher-
ically symmetric potentials (12.6.4-
5, Pg 340)

U
REl:ﬂ
T

a2 2 1(1 4 1)h?
{72+f”|:E7V(T)7 2 ”UEL:O

We also require at the boundaries
(12.6.8ab, Pg 341, 12.6.12, Pg 242):

0, E<O
lim Ug; =< |
roo {e““", E>0

lim Ug; =0
r—0

Free particle in 3D (12.6.36, Pg
349)

VEim (Tv 0, (b) = jl(kr)}/lm(g’ ¢)

where E = h;—kz and j; is the spherical
Bessel function of order .

Free particle, Spherically symmet-
ric differential equation (12.6.20,
Pg 346) Let p = kr,k?> = 22 R =

Ug:.
el

2
3D Isotropic Harmonic Oscillator
Energies (12.6.50, Pg 352):
E=02k+1+43/2)w,k=0,1,2,...
n=2k+1
l=nn—-—2,...,10r0
m=-l,—l+1,...,1

Hydrogen Atom Principal quantum
number (13.1.15, Pg 355):

n=k+l+1=1,2,3,...

where k is the index that the summa-
tion terminates at. Energies (13.1.14,

Pg 355):
E:_m—€4
22 (k+1+1)2
k=0,1,2,....,n—1
1=0,1,2,....n—1

Degeneracy for each n (excluding spin),
(13.1.18, Pg 355):

n—1

> o@+1)=n?

1=0
Bohr radius (13.1.24, Pg 357):
h2

ap = —
me2



Radial equation (13.1.25, Pg 357):

l
r 2r
~ —r/nag 214+1
nagop nagp

where L is the associated Laguerre poly-
nomial. It has n — [ — 1 zeros.

Virial theorem (13.1.33, Pg 358)
For the Coulomb force:

1
T — _ =
(1) = —5{V)
More generally (Exercise 13.1.5, Pg
359):
oV
2Ty = (ry—
< > <T 87‘Z>
Spin commutation relations

(14.3.4, Pg 375)
[Ji, J]] = th Eijk'Jk
k
This applies for L and S as well.
Spin-half spinor (14.3.8a, Pg 375)

1/)+(~T7ya Z) :l
Y- (z,y,2)

with normalization constraint (14.3.14,
Pg 377):

(2., 2 5.l = [

/(|¢+I2 + [ [P dadydz = 1

Spin along arbitrary axis, electron
(14.3.27, Pg 380)

ﬁ.szﬁ{

cos

2 | sinfe’® —cosh

sin fe ¢ }
The eigenstates are (14.3.28ab, Pg 380):

cos ge*i‘bm
sin ge“i’m

) = |

—sin ge’wﬂ
cos ge“b/z

)= |

Unitary rotation operator (14.3.44,
Pg 383)
U[R(6)] =5/

U[R(0)] = cos gI —i(0- o) sine

2
Hamiltonian in magnetic field
(14.4.11, Pg 387)
PP q 7°|A]?
— ——(P-A+A-P
2m 2mc( + )+ 2mc?

Interaction Hamiltonian (14.4.14, Pg
388):

Hiny = _)U"B

and for the electron (14.4.19, Pg 389),

_ geh
" dme

Gyromagnetic ratio (14.4.15, Pg 388):

= L
» 2mce
NS
T 2me
The precession frequency is wy = —yB

so that (14.4.24, Pg 391):

0(t)

= —vBt

Addition of angular momenta
(15.2.4, Pg 409) Let j; > jo. Then
the eigenkets of the total J = J; + Jo
operator are:

ljm), J1—j2<j<ji+j2,—j<m<j
Obtaining the Clebsch-Gordon co-
efficients (Pg 408-412) 1. Consider
the maximum m state of the maximum
value of j = j; 4+ jo. Hence m = j; + jo.
There is only one state that achieves
this. 2. Apply the total lowering opera-
tor S_ = S1_ + So_ to obtain the state
with m = j1+j2—1. Expand the effect of
S_ in terms of the individual constituent
eigenstates. 3. Repeat until you get to
m = j1 — ja. 4. Move to the next value
of j = j1 +j2 — 1. Declare that it should
be a superposition of |j1, j1) ®|j2, jo — 1)
and |j1,71 — 1) ® |ja2, j2), and should be
orthogonal to the state |j1+j2, j1+j2—1)
obtained earlier. Solve for the real coef-
ficients, then proceed with the total low-
ering operator.

Clebsch-Gordon coefficients prop-
erties (15.2.9-11, Pg 412-413) They
are the overlap values:

(Jima, jama|jm)
and satisfy:

(jima, jama|jm) # 0,
only if j; —j2 < j < j1 +J2
and my +mao =m

with the convention that they are real,
(11, 52(5 = 31)lgg) > 0

and the effect of flipping the sign of m
is:

(=172 (ji(=ma), jo(=mz)|j(=m))

Spectroscopic notation (Pg 415)
Denote the angular momentum by L =
SPDF for I =0,1,2,3. Then write:

25+1LJ

Scalar, vector and tensor operators
(Pg 416-417) A scalar operator S re-
mains invariant under rotations:

S’ = U'R|SU[R] = S

A vector operator is a collection of three
operators V = (V,,V,,,V,) which trans-
form as the components of a vector un-
der rotations:

v/ = U'RIVUIR) = Y Ry,
J

A tensor operator of rank 2 is a collec-
tion of nine operators 7;; which respond
as to the basis kets |i) ® |j) under rota-
tions.

Variational method for finding
ground state (Pg 429-435) 1. Make
a guess for the ground state wavefunc-
tion with some unknown parameter. 2.
Calculate:

[t Hpda
T rddr

3. Minimize this function with respect
to the unknown parameter. The pa-
rameter that minimizes the energy is
the best estimate given that particular
wavefunction form guess.

WKB approximation (Pg 435-438)
To solve:

d2
[d:v? *
where p?(z) = 2m[E — V(z)], make the
guess:

Ely]

p*(x)
h?

]w(m) 0

Y(x) = eP@/h
Then expand the phase in orders of A:

& = do + hor + B2da + . ..

Keeping only the linear terms, and re-
quiring that the first and second order
terms proportional to ™1, A~2 all van-
ish. Then the wavefunction approxima-

tion is:
o5l [

This approximation holds when the
wavefunction wavelength is much
smaller than the characteristic poten-
tial lengthscale (hence we have to avoid




classical turning points when the wave-
length is large).

Difference between perturbation
schemes To find the new eigenstates
and eigenvalues of a perturbed Hamil-
tonian, use time-independent perturba-
tion theory. To find the transition am-
plitude between orthogonal eigenstates
in a perturbed Hamiltonian, use time-
dependent perturbation theory.
Time-Independent  Perturbation
theory (Pg 451-453) Given a solved
Hamiltonian:

HC[n®) = Ep[n°)

The energy eigenvalues for the per-
turbed Hamiltonian H = H° + H! are:

E,=E+E!+E2+...
B} = (n|H'[n")
Z [(n°|H m™)[* O\Hl\m )|?
EO
m¥#n

(note E2 is the second order energy cor-
rection, not a square!) and the eigen-
states are:

In) =
-y e

m#n

[n%) + In') +
°|H1|n )
EO

The necessary condition for |n') to be
small compared to |n°) is (17.1.18, Pg
454):

OHl 0
LTI

EO — Y,

Selection rules (17.2.12, Pg 458) If
[Q, H'] = 0, then:

<Oz2¢d2|H1 |a1w2> =0

unless w; = wo, the eigenvalues of €2 for
the two states are equal.

Parity selection rule (17.2.20, Pg
459) If IITQII = —Q then the matrix
element of ) between two parity eigen-
states vanishes unless they have opposite
parity.

Dipole selection rule (17.2.21, Pg
459)

lo=10=%1

(Iama|Z|lymq) = 0 unless {
mo = My

lo=10 %1
<lgm2|Y|l1m1> = 0 unless 2 !

me =mq £1

lo=0hLx1

<lgm2|X|l1m1> = (0 unless
me =mq 1

Degenerate perturbation theory
(Pg 464-466) When there exists a de-
generate subspace with nonzero opera-
tor matrix elements, we have to find the
basis that diagonalizes the perturbation
H' in that subspace. The eigenstates
that diagonalize H! are stable under the
perturbation and hence TIPT can be
used to calculate their energy shifts.
Time-dependent perturbation the-
ory, first order (Pg 474-475) Con-
sider a Hamiltonian H = H° + H(t).
Write the wavefunction as a superposi-
tion of original eigenstates:

)= dnlt

If the system is initially in the eigenstate
|i%) at t = 0, the first order approxi-
mation for the coefficients is (18.2.9, Pg
475):

)e—iEgt/hl,np)

.t
? . dweit!
40 = 85— 5 [ (BolH @) )er ar

0 0
E9—ES

where wy; = +—. The transition
probability is hence:

Py = lds(t)]?

The condition for this approximation to
hold is:

dp()] << 1, [ #i
Adiabatic theorem (Pg 478-479)
Let a Hamiltonian change slowly from
H(0) to H(r) in time 7. If a sys-
tem starts out in an eigenstate |n(0))
of H(0), if the rate of change is slow
enough, it will end up in the correspond-
ing eigenket |n(7)) of H(7).
Fermi’s golden rule (18.2.42, Pg
483) Let a system be subject to a peri-
odic perturbation H!(t) = Hle ™! for
a long time —T/2 <t < T/2. The aver-
age transition rate between eigenstates

li%) and | f°) is:

2 .
Risyp= ;l(fOIHIIZOH%(EO )

where the rate is defined as:

Pi—>f

Ri—>f = T

Unitary Propagator (Pg 484-485)
Given the Schrodinger equation:

d
i |w(®) = HIp(0)

we define the propagator:

[9(2)) = Ul(t, to)l1(to))
which must satisfy (18.3.5, Pg 485):

dUu
h— = H(t)U
th— (t)
Interaction Picture (Pg 485-490)
Consider the perturbed Hamiltonian
Hy(t) = H? + HL(t) in the Schrodinger
picture (particle described by state vec-
tor). The unperturbed unitary propaga-
tor satisfies:
. du?
dt

Define the state vector in the interaction
picture (also applies to eigenstates):

[$1(8)) = (UL (¢, t0)] s (2))

and the transformed Hamiltonian per-
turbation:

Hi(t) =

The time evolution of the state in the
interaction picture is hence (18.3.10, Pg
486):

HO UO

U H (U]

(1)) = ) or(0)

The propagator in the interaction pic-
ture can be calculated to first order
(18.3.21, Pg 488):

R
Ur(t,to) =1 — %/ HY(t)at
to

and the Schrodinger picture propagator
can hence be obtained with (18.3.18, Pg
487):

Us(t, to) = USt, to)Ur(t, to)

Heisenberg picture (Pg 490-491)
The Heisenberg state vector does not
change in time:

[ (t)) = Ul (t, to)|ws (1)) = |1hs(to))

Note that the full propagator is used,
not just the unperturbed propagator.
Operators in the Heisenberg picture are
hence transformed as (18.3.29, Pg 490):

Qp(t) = UIQU,

and have time derivatives (18.3.30, Pg
490):

thH

7 Qu, Hy]



Electromagnetic gauge transfor-
mations (18.4.12-13, Pg 493)

A'=A-VA
F_ gy LOA
¢ _¢+cat

Coulomb Gauge (18.4.14-15, Pg
494)

V-A=0
¢=0

|A] — 0, at infinity

which gives solutions (18.4.17, Pg 494):
A= Agcos(k-r—wt)
and dispersion relation (18.4.18):
w = ke

and electromagnetic field (18.4.20-21,
Pg 495):
E= —SAO sin(k - r — wt)
c
B =—(k x Ag)sin(k - r — wt)

The Poynting vector is defined

(18.4.23a, Pg 495):
c
S=—FExB
47 %

with time average (18.4.23b, Pg 496):
2
w
Sav =—A 2
8me ol

The field energy density is (18.4.24, Pg
496):

1
=~ (|E 2 B 2
u= (B +|BP)
Effect of gauge transformations in
Q The action changes by (18.4.29, Pg
496):
Sa =S+ SIA, 1) = Alr,)]
which by the path integral approach,

changes the propagator by (18.4.30, Pg
497):

Un = Uexp {;_ch A(r, ) — A(r,t)]}

which just changes the coordinate basis
(18.4.32, Pg 497):

‘TA> — eiqA/hC‘T‘>

Electric  dipole
(18.5.12, Pg 502)

approximation

eik-r ~ 1

Asymptotic scattering eigenfunc-
tion (19.2.10, Pg 527)

eik:r

Wse > (=)' BY™(6,9)

lm

wk — eikz + "/Jsc
r—00

r—soo  kr

Call the coeflicient of ? the scattering
amplitude f(6,¢). Then the scattering
cross section is (19.2.18, Pg 529):

do

o= lre.0)P

so that the probability flow rate as a
function of solid angle is (19.2.17, Pg
529):

R(d) = | d0

Probability flux of plane wave
(19.3.3, Pg 530) Consider a plane
wave |p;) — (2rh)~3/2¢®Pim/h Then
the probability flux is:

. hk 1
ORTRCERE
Time-dependent Born approxima-
tion Define the S matrix (Pg 529):

S= tf—)cxl{glﬁfoo U(tf’ ti)

so that the transition rate (to first order,
using Fermi’s golden rule) is (19.3.2, Pg

530):

27
Ria0 = ?|<Pf|V|pi>|2HpidQ
where p; is the incoming momentum of
a plane wave and py is the momentum
so that the particle enters a detector lo-
cated at (6, ¢) with opening angle d€.
The scattering cross section is (19.3.4,
Pg 530):
do 2

m:

zluhz/e—iq‘r/v(r/)d3r/
T

where hq = py — p; represents the mo-
mentum transferred to the particle, and
which has magnitude (19.3.6, Pg 530):

0
|q\2 = 4k? sin? 3

where k is the magnitude of the
wavenumber of the incoming or outgoing
wave (should be the same since the en-
ergy must be the same at infinity). The
Born approximation gives the scattering
amplitude (19.3.7, Pg 530):

[0.6) =~ 55

/ efz‘q-r’ V(,r,/)dS,’,/

If the potential is spherically symmetric,
we can choose z’' to be parallel to g so
that (19.3.8, Pg 531):

2u [ singr’

12 V(r')yr'dr’

f0) =

where the 6 dependence is contained in
q.

Time-independent Born Approxi-
mation Let G° be the Green’s function
for the Schrodinger equation (19.4.1, Pg
534):

2
(V2 4 K)o = Vi
so that (19.4.3, Pg 534):
(V2+EHG(r, ") = 83(r — 1)

and the formal solution to the wavefunc-
tion will be (19.4.4, Pg 535):

Yr(r) =¢°(r)
2 GO(r, ™V (r"r(r")d>r'

i

where the homogeneous solution satis-
fies (19.4.5, Pg 535):

(V2+ K9’ =0
and can be written (19.4.6, Pg 535):
wO _ eik-’r

The Green’s function can be found
(19.4.16, Pg 538):

0 6ik|r7r'\
!/
') =~ =

Validity of Born approximation
(19.4.44, Pg 544) when:

2p

— 1
2k <<

’/e“”/ sin kr'V (r")dr’

Plane wave expansion (19.5.3, Pg
45)

oo

gikrcos0 _ Zil(% + 1)j;(kr) P, (cos 6)
=0



Asymptotic behavior of spheri-
cal Bessel and Neumann functions
(19.2.9, Pg 527)

sin(kr — In/2)

Jilkr) — o
cos(kr —lm/2
mllr) - — A IT/)

in the limit r — oco.

Partial wave expansion First note
the relationship between Legendre poly-
nomials of trigonometric functions and
spherical harmonics (19.5.1, Pg 545):

47 0

Pileosd) =/ 537V

then expand the scattering amplitude in
Legendre polynomials (19.5.2, Pg 545):

f0,k) = i(Ql + 1)a;(k)Pi(cos )

=0

where q; is the [th partial wave ampli-
tude, which is a measure of the scat-
tering for components with angular mo-
mentum [. Now require that the radial
wavefunctions in the presence of a po-
tential reduce to the free-particle wave-
function at r — oo, up to a phase §;(k)
(19.5.9, Pg 546):

. A sinlkr — iﬂ/Q + 0 (k)]

Ry(r)

The expansion coefficients are (19.5.14,
Pg 547):

e2i61(k:) -1

alk) = =55

which hence reduces the scattering prob-
lem to finding the phase shifts. Repul-
sive potentials give negative phase shifts
and attractive potentials give negative
phase shifts (Pg 550). Define the par-
tial wave S matrix element for angular
momentum ! (19.5.15, Pg 546):

Sl (k) — 621'5[ (k)

which gives the ratio of the outgoing
wave amplitude to the incoming wave
amplitude (up to a complex factor of
unit norm) S;(k) = A/B for the ra-
dial function of the asymptotic form as
r — oo (19.5.37, Pg 552):

Aeikr Be—ikr

r

Rkl —

The total cross section can be written as
a sum of the individual cross sections at
each [ (19.5.19, Pg 548):

47
l:ﬁ(

o0
g = E g
1=0

which turns out to be (19.5.21, Pg 548):

47er
o= ?\S[f(o)]

which is called the Optical theorem.
Scattering resonances Let §;(k) rise

rapidly near ko (or equivalently near Ey
(19.5.30, Pg 550):

-1
0; = 0p + tan (0 )

o 21 + 1) sin? §;

where J; is a slowly-varying background
phase. Then the cross section for each
angular momentum [ can be written in
Breit-Wigner form around F =~ Ej
(19.5.31, Pg 551):

47

_ (r'/2)°
= 5

(Eo — E)* +(I'/2)?

so that the half-width is T'/2. T depends
on k with (19.5.32, Pg 551):

r/2= (k‘ro)QlHV

20+ 1)

gy

where rg is the characteristic range of
the potential and v is a constant with
energy dimensions.

Two-particle scattering The rate of
scattering events per volume of interac-
tion for two beams of density p1, p2 mov-
ing with velocities vy, vs is (19.6.2, Pg
556):

op1p2(v1 + v2) = 0P1P2Vrel

10

Hence the differential cross section is de-
fined based on the number of particles
scattered into df2 per volume of interac-
tion (19.6.3, Pg 556):

do

10 dS2p1p2vrel

The relationship between lab (L) and
CM (unprimed) differential cross sec-
tions is (19.6.5, Pg 556):

do  do df
dQp ~ d2dy

Write the asymptotic solution in terms
of a CM part and a relative part (19.6.9,
Pg 557):

) eikr
1/1—>T%OO VM (zonr) [ + £(0, ¢) .
where zony = (21 + 22)/27¢CM =

ellkith2)zom and k = (ky — kg)/2. The
scattering cross section is hence (19.6.13,
Pg 558):

do 9
o =11l

Scattering angle relationship be-
tween lab and CM frames (19.6.17,
Pg 559) where 0 is the angle between
the initial direction of the beam and the
final direction.

0
9L:§

Note: non-relativistic.
Scattering amplitude, identical
particles (19.6.19, Pg 560) after
symmetrizing the scattering wavefunc-
tion, the symmetric scattering ampli-
tude is:
fsym(97¢) = f(0?¢) + f(ﬂ- - 9a¢+ﬂ-)
To find the total scattering cross section,
integrate over 27 radians only.



